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Abstract

We examine the phase diagram of the p-interaction spin glass model in a transverse field. We
consider a spherical version of the model and compare with results obtained in the Ising case.
The analysis of the spherical model, with and without quantization, reveals a phase diagram very
similar to that obtained in the Ising case. In particular, using the static approximation, reentrance
is observed at low temperatures in both the quantum spherical and Ising models. This is an
artifact of the approximation and disappears when the imaginary time dependence of the order
parameter is taken into account. The resulting phase diagram is checked by accurate numerical
investigation of the phase boundaries. (¢©) 1998 Published by Elsevier Science B.V. All rights
reserved.
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1. Introduction

The interplay between thermal and quantum effects in condensed matter physics is a
longly debated problem [ 1-4]. The main differences between both type of effects re-
lies on their dissipative nature. Thermal physics is inherently dissipative and energy is
not conserved, while quantum physics is governed by the Schrodinger equation where
energy is conserved if the Hamiltonian does not depend on time. How to include relax-
ational effects in a systematic way in the regime where quantum effects are dominant
is a very interesting open problem [5].

This question is of the most relevance concerning glassy systems (for instance struc-
tural glasses or spin glasses) which are manifestly non-equilibrium phenomena. Recent
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developments in the understanding of the connections between real glasses and spin
glasses [6,7] suggest that it is of interest to investigate that family of glassy models
where the static-phase transition is continuous from a thermodynamic point of view
(i.e. there is no latent heat) but the order parameter is discontinuous at the transition
temperature. These models are characterized by a one-step replica symmetry-breaking
(IRSB) solution at low temperatures [ 9—11] and the existence of a dynamic singularity
reminiscent of a spinodal instability [12,13]. Let us summarize here the glassy scenario
for this type of mean-ficld models. At a certain temperature (to be called 7,) in the
paramagnetic regime, the phase space splits up into different components or metastable
states separated by high-energy barriers (divergent with the size of the system), hence
they have infinite lifetime in the thermodynamic limit. The number of these compo-
nents is exponentially large with the size of the system .17 = exp(S.) where S, is the
configurational entropy or complexity. From a thermodynamic point of view, the ap-
pearance of a large numboer of states does not induce a thermodynamic phase transition
at 74. Only at a “Kauzmann” temperature Tx lower than T, a true thermodynamic
phase transition (with replica symmetry breaking) is observed. At Tx the complexity
S, vanishes. Hence, the glass transition is driven by a collapse of the complexity (en-
tropy crisis) [ 12—14]. This is the mean-field version of the Gibbs-DiMarzio scenario
[15,16] for the glass transition. The dynamical behavior of the system in the region
Ty < T < T4 is then dominated by the existence of a large number of components
which trap the system for exponentially long time scales (t ~ ¢*¥, where N is the
system size). Whether a sharp Tk exists in finite dimensions is still a largely unsolved
problem (for recent numerical simulations see [17]).

In this direction, a thermodynamic picture of cooling experiments in spherical p-spin
models [18] has been recently proposed. This new thermodynamic approach gives
an explanation for the paradox of the Ehrenfest relations at the glass transition. The
main new point in this approach is that the configurational entropy changes along the
transition line [19].

If the glass transition is driven by a collapse of the configurational entropy, it is
natural to ask how this scenario is modified in the presence of quantum fluctuations.
Generally speaking, quantum-phase transitions appear when an external perturbation
reaches a critical value at zero temperature. Because at zero temperature the entropy
vanishes at any value of the external field, it is expected that the complexity should also
vanish everywhere at zero temperature (at least if there is no ground-state degeneracy,
and this is the situation for the mean-field models we will consider here). In the absence
of complexity it is natural to suppose that any adiabatic process at zero temperature
(for instance, a process in which the external field is slowly turned off) could take
the system to the ground state of the system. If complexity were not fully removed
at zero temperature such expectation would fail since at zero temperature, quantum
tunneling processes could not take the system out of the traps during any adiabatic
process, mainly because the height of the barriers is extremely large [62].

A hint to this problem was recently reported in Refs. [20,21] where it was shown that
in a certain class of mean-field models where the Gibbs-DiMarzio scenario is valid,
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like the random orthogonal model [8], the complexity vanishes at zero temperature. The
transition turned out to be second order at zero temperature. That proof was obtained in
the framework of the static approximation introduced by Bray and Moore [22]. How
much general is this result beyond the static approximation and in other family of
models (for instance, the quantum Potts model [23]) is still unclear.

A family of models which has received considerable attention during the past years
are the spherical [24,25] and Ising [26,27] p-interactions spin-glass models. These mod-
els are also characterized by a classical continuous thermodynamic transition with a
discontinuous jump in the order parameter. The purpose of this work is the study of
the quantum-phase fransition in this family of models in an external transverse field.
The Ising case has been already considered in the literature and has revealed novel
properties in the phase diagram. In particular, Goldschmidt [28] computed the phase
diagram in the p — oo case, i.e. the random energy model of Derrida (hereafter
referred as REM [29]) in a transverse field. In this case the static approximation is
exact and computations can be easily carried out. Goldschmidt found a phase diagram
with three different thermodynamic phases, two of them are paramagnetic and sepa-
rated by a first-order thermodynamic phase transition with latent heat. The existence of
first-order phase trarsitions in spin-glass models with a discontinuous transition has to
be traced back to Mottishaw who studied the random energy model (REM) in an ex-
ternal anisotropy field [30]. Computations for finite p were done later on by Thirumalai
and Dobrosavljevic [31]. They found that the thermodynamic first-order transition line
ended in a critical point. Such a critical point is pushed up to infinite temperature in
the p — oc limit. Thirumalai and Dobrosavljevic went further and computed correc-
tions to the static approximation finding similar qualitative results at high temperatures.
Such an investigation has been recently extended by De Cesare et al. [32] to the low
T region. Correctiors to the p — oo limit are generally complicated specially in the
f — 20 limit where the two limits have to be taken in the appropriate way. In a similar
context, recent results by Franz and Parisi [33] also show the existence of a first-order
line when two replicas are coupled in the 7 — ¢ plane where ¢ is the strength of the
coupling between the replicas.

Some computations done in disordered quantum-phase transitions involve the static
approximation (hereafter referred as SA) introduced by Bray and Moore [22]. This is a
reasonable approximation close to the classical transition line (in particular, it predicts
a decrease of the transition temperature as the external field is switched on), but turns
out to be inaccurate at low temperatures where dynamical correlations in imaginary
time start to play a role (this is the reason why the approximation is called static).
To clarify better the physical meaning of the SA, we present an alternative deriva-
tion of the mean-ficld equations by introducing a solvable spherical version of the
quantum-Ising model. We will show that the same scenario for the quantum transition
is valid in both the quantum-spherical and quantum-lIsing models in the SA as well as
beyond it.

For pedagogical reasons we will analyze in detail first the spherical version of the
classical model which is much simpler to solve. After that, we consider a quantum
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version of the spherica. spin system (recently introduced in Ref. [34]). We give all
the details that occur in the definition and evaluation of the coherent state-path inte-
gral. After considering a few toy examples, we analyze the quantum-spherical p-spin
model.

Next, we will consider the [sing case and estimate the corrections to the SA numer-
ically solving the self-consistent mean-field equations. We will show that the approxi-
mation gives a reasonable estimate (within 10%) of the position of the line boundaries
which progressively improves as p increases. Deficiencies of the SA for both mod-
els will be also identifizd at low enough temperatures, in particular, reentrance of the
T — T boundary line is observed.

The paper is organized as follows. In Section 2 we introduce the p-spin spherical
spin-glass model and a derivation of the thermodynamic behavior in a transverse field is
obtained with classical and quantum spins. Section 3 presents the solution of the Ising
case, the analysis in the SA and also beyond it. Section 4 presents the conclusions.
Finally, some appendiczs are devoted to several technical points.

2. Spherical spins

In this section we will consider multi-spin interaction spherical models without and
with quantization. The spherical model is defined by

<< <i,

where I is the transverse field. The indices i1,iz,...1, tun from 1 to N where N is
the number of sites. The J; ;, ;, are couplings Gaussian distributed with zero mean and
variance plJ2/(2NP~"). The spins have m components and are subject to the spherical
condition

N m

Z Z S = Nmg , (2)

i=1 a=1

where ¢ is a given coustant.
In what follows, we first consider the classical case.

2.1. Classical situation
The replica calculation for the classical spherical model without transverse field

was described by Crisanti and Sommers (CS) [24,25]. The steps are straightforward:
(1) consider Z"; (2) average it over disorder; (3) rewrite it in terms of
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xp = (1/N) Y\, 5555 (4) insert factors
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A similar representation of the spherical constraints introduces as Lagrange multipliers
the “chemical potent.als” p,. After these steps, one interchanges the order of integrals.
The remaining integrals over Sf, are all Gaussian (this is the benefit of the spherical
approximation) and can be integrated out. One is left with an integral over gu;, ¢,
and u, which can be taken at its saddle point. As for I' = 0, the fields 4,4 can be
integrated out [24,25], and one ends up with the replicated free energy

2BF, = 21 7N = Fr r 1
[ n‘_]VOg( ,I)_* 2 ;%/g—tf ng
Ird

e d

. pr:
+ Z {/)’#a(%a —mo) — y +{(m—1)In (.B.Ux)} . (4)

As for the case I' = 0, we assume a one-step replica symmetry-breaking pattern. This
involves parameters u, g4, ¢, and x. These are the chemical potential (u, = p), the
replica self-overlap (¢, = gu). the overlap between different replicas inside diagonal
IRSB blocks (g, = q for (2, f) inside a block, while vanishing outside the xxx blocks)
and the breaking parzameter in the Parisi scheme (x is size of block), respectively. Note
that g, are less than ing since the spins can turn perpendicular to the z-axis. Following
CS we obtain for »n -— 0 the “classical” free energy F.; = F,/n:

2 72
a9 -

; 1 .
(g5 — &q”) — ~In(gs = ¢g) — 1

]
P4

+Zin(gy = q) + Butgs — mo) — ==+ (m— Din(Bu) (5)

where & = 1 — x. Optimization with respect to y, ¢4, ¢, and x yields the saddle-point
relations

r? YA
g+ pm=Dr_ o (6)
#? i
J2 T
u:%(qf; Rt )
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2 (94 — g)qa — ¢9q)
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The latter equation expresses that 0F/dx = 0. This means that we consider thermo-
dynamic equilibrium. For a discussion of the thermodynamics of slow cooling experi-
ments, see Refs. [18,19].

2.2. The paramagnet and its pre-freezing line

Let us first consider the paramagnet, where ¢ = 0. Like in the case of the p-spin
Ising glass in a transverse field (see the next section), we find a first-order transition
line separating two paramagnetic phases. This line is comparable with the boiling line
of a liquid and has a critical endpoint. To find it we insert Eq. (7) with ¢ = 0 in
Eq. (6) and obtain

2 2
w(ma—q(d)("ﬁ g0~ +1)
qd

~(m1)("J gt +t> (10)
qd

At large T and I this has just one real positive solution 0 < g, < ma. However, below
a critical value T, there is a regime of I'-values where there occur three solutions
rather than one. The outer ones are stable, while the middle one is unstable. This critical
endpoint (cep) has coordinates (Teep, Icep), determined by dI'/dq, = dr /dqﬁ =0.
From this point, a first-order transition line originates towards the spin-glass phase
and intersects it at the multi-critical point (T, I'ep) [35]. Along this line there is a
finite latent heat that vanishes at the critical end point. It separates a small transverse
field phase with large crdering in the z-direction (g; ) from a phase with smaller (g7 )
ordering in the z-direction on the large field side.

In analogy with wetting phenomena, where a pre-wetting line occurs off coexistence,
we call this the pre-frezzing line. In order to motivate this term, let us first explain the
situation of first-order wetting of a bulk fluid A by a thin layer of a fluid B [36,37].
At bulk coexistence of A and B phases there is a wetting temperature 7,,. For T below
T,, a finite layer (“wetting layer”) of B atoms will cover the A phase; for first-order
wetting this layer remeins finite in the limit 7 — 7, . For T > T, there will be an
infinite B layer (“complete wetting”). When the fluids A and B are off coexistence
there is a difference in chemical potential Au. Let us take the convention that on the
Au < 0-side the B layer is always finite. Then when Ay — 0~ for 7 < T, the
B layer will reach its finite thickness discussed for Ay = 0. For Ax > 0% it will
be infinite however, leading to a discontinuous transition. For 7" > 7., however, the
thickness of the B-layer will diverge continuously in the limit A4 — 07, in order to be
infinite at Ap = 0, and it will remain infinite for Ay > 0. In that temperature regime
there is a continuous transition at Ay = 0. Thermodynamics requires coexistence at a
first-order transition line (called the “pre-wetting line”) which separates the regime of
continuous and first-order wetting. The endpoint of this line is called the “pre-wetting
critical point”. The pre-wetting line, occurrence of hysteresis, and, near the pre-wetting
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critical point, scaling of the jump in coverage across the line have been observed in
“He on Ce [38] and for methanol-cyclohexane mixtures [39,40].

In our spin glass a similar situation occurs. The SG-PM~ line is a continuous
transition line (in the sense that there is no latent heat), whereas we will find a finite
latent heat at the SG-PM< transition. Also, in this situation a first-order line with
non-vanishing latent heat must emerge from the point (Zcp, Imep) and divide the
paramagnet into two regimes. It is the line discussed, and by analogy we propose to
call it the pre-freezing line. Its critical endpoint can then be called the “pre-freezing
critical point™.

2.3. The spin-glass phase

This discontinuity of the paramagnet has no analog in the spin glass. There is only
one spin-glass phase, namely the continuation of the g7 paramagnet, with continuous
ga at the transition line x = 1. We stress that this also holds when the PM™ phase is
the thermodynamically stable phase: also then the (metastable) SG phase merges with
the (metastable) PM~ phase at the x = 1 line.

To check this continuity of the SG-phase, let us insert Eq. (8) into Eq. (9) and
replace the x-dependence by dependence on a new variable 4 via

p—1-nq4a—gq

X = (11)
n q
Eq. (9) then becomes
-1 —1- -1
nP=l_ @ M+ 1) (12)

0 ph
which has a solution 0 < # < 1. This shows that # is independent of I" and 7. (For
I' = 0 this was noted already by Crisanti and Sommers [24,25].) Once # is known,
we can choose x anc solve ¢ = (p — | — n)qu/(p — 1 — ¢n) from Eq. (11). Eq. (8)
will then yield

p—1-¢&n (2T2<pﬂ 1 - nf)‘*”
p—1-—n \ Xnp(p—1) '
At fixed x we can vary T. We thus know ¢, and ¢, and therefore find a curve I'(T).
At small enough 7 rwo values of x can lead to a given point (7.17); we need the
smallest of these two x-values. By varying x between 1 and O this procedure then
uniquely determines the spin-glass phase.

The pre-freezing line intersects the PM~-SG transition line at a multi-critical point
(Tnep Tnep) 135

Just as at I" = O the transition PM~-SG occurs with x = 1. This is a thermodynamic
continuous-phase transition. The SG free energy exceeds the PM~ one by an amount
of order ¢2. The transition PM <-SG is thermodynamically first order and occurs with
¢ < 1. The transition line is fixed by equating the free energies of the PM = and the
SG solutions.

qa = (13)
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2.4. Low-temperature hehavior

The transition line between PM < and SG will continue down to 7 = 0. Everywhere
along this line there will be a latent heat accorded by a jump in entropy. For studying
the low-7T behavior we set

ga = (1 4+ Tr)q (14)

which implies

p—1—-n plp—-1)J*
x=f£__""Tp LAY Ty o I 15
X " r oy q’r (15)
1++7) =1 1
po L aErn” r . (16)
gr  (p— 1T qr
At T = 0 this yields u = (5 + 1)/¢gr and then
2nI?
g 1 2P = mg | (17)

N TR CEN

For p =3 it can be solved exactly

~ mo m*a? nl? (18)
=77\ s 3y

showing that the SG phase cannot exist at large I". For small I' the spin-glass phase
is stable; for larger values it becomes meta-stable and for still larger values it will be
unstable. The free energy may be expanded in powers of T

F:Fo~|—T(—%lnT+Fl)+C7‘(T2). (19)
One finds
_ n+2 Igr
T T 2pr g1
Fi=i+1+(m—-1)In(+1)+mlngr). (20)
In the paramagnet PM< one has gy ~ T\/ma/I", =~ I'/\/ma, implying
Fy=—Ty/mao, (21)
r
_ 1

Equating the 7 = 0 results we find a transition at some I'.. For small 7" we get
Fsg — Fpm = A(I' = T'.)+ BT (23)

with 4 > 0 because the stable phase has lowest free energy, and

(24)

B= L1t + 1)+ 2
= 50 = In(n ) 2 — g
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Fig. 1. Phase diagram for the classical spherical model for p = 4, mo = 1, m = 2. The multi-critical point
and the critical point are given by Tncp = 0.3703, [pep = 0.8208,Tep = 04767, I'cep, = 0.5878 while at
7 =0,T.=1503

also positive. For small T the transition line has a linear slope

B
r=r.--r,
. (25)

showing that there occurs no reentrance. For the case m = 2 and in units where ma = 1,
the full-phase diagram for p = 4 is shown in Fig. 1. In Fig. 2 we show the latent
heat as a function of the temperature. It has been computed along the boundary lines
starting from the critical point, following the PM<-PM~ and the PM=-SG lines. Note
the existence of a sharp maximum at 7' = Tj).

2.5. Quantum spherical spins

Due to the form, Eq. (19), the entropy of spherical models diverges as (m/2)InT
for small 7. The related zero-temperature specific heat C = m/2, occurring due to
the Gaussian nature of the spins, is analogous to the Dulong—Petit law of classical
harmonic oscillators. In order to have a physical description in the low-T regime,
one of us recently proposed quantization by analogy with harmonic oscillators [34].
Here we present some details of this approach. It follows the standard Trotter—Suzuki
approach of thermal field theories, see e.g. the book of Negele and Orland [41].

The approach starts from the Trotter formula of the path-integral representation of
the partition sum, in which the coherent-state representation of the identity is restricted
to coherent-states described by parameters which satisfy the spherical constraint. For a
set of harmonic oscillators S = {S9} with (i = 1,...,N, a = 1,...,m) a coherent state
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Fig. 2. Latent heat for the classical spherical model for p = 4 versus T along the boundary line which
separates the PM < phase from the PM~ (right part above the multi-critical point) and SG phases (left part
below the multi-critical point). There is a maximum at the multi-critical point (indicated by the dashed line).

is defined by

|S) =¢85 0) H Z(Sa)nm | nia) s (26)

nm
nig=0

where S,.“OL is the creation operator of the harmonic oscillator (i,a) and S;' is a c-number.
The coherent states are overcomplete and have inner product

S8y =€"8 (27)

which can be checked in various ways. The coherent-state representation of the identity
in Fock space reads in general

1= H Z | 7ia) (nial

ia n,,=0

dS#*dS? .
:/H‘—n*’e_s S|S)S|. (28)

It was proposed by one of us [34] to enforce the spherical constraint by restricting this
representation to coherent states which satisfy the spherical constraint

N m

S*.S= ZZS“*S“ Nmo . (29)

i=1 a=1
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This is done by replacing

11— 1,\7)h(’1’i('u/
aS#dSt _g-
=C 20 U5 =87 S 5(S*. S —
/II r_— | S)(S|o(S* - S — Nma), (30)

where the constant ' will be fixed later. In a Trotter approach one calculates
Z = tre PHOSLB0m) = tr(e= (S!S )M (31)

with ¢ = /M. Between all factors exp(—¢H ) one inserts the coherent-state representa-
tion of the identity. For our spherical spins we have to choose the truncated versions,
Eq. (30). Let us number them by j = 1,...,M. It was shown by Negele and Orland
that for normal-ordered Hamiltonians

<Sj|e—r,H[SIp.S,;,,)|Sj71> — S S —eHIS S, ) (32)

The term exp(S; -S;_1) arises from the overlap of the coherent states, Eq. (27), while
the ¢H correction can be found by expanding the exponential, using S,,|S;_|) =

S;~1|S,;-1) and its Hermitean conjugate (SISt » = (8|8}, and re-exponentiating the
result. Corrections ae of order &2 and can be neglected in the limit M — oc (for a
discussion, see Ref. [41]). Introducing the imaginary time variable T = j& = jB/M and
writing out the spherical constraints in terms of an imaginary-valued chemical potential
u(t), this leads to the coherent-state path integral representation or thermal field theory
for spherical spins

Z= / DuDS* DS exp(—4) (33)

with integration measure

/ | / / ~‘<5“(f)):9f<sa<r))

iat

/D/tz [ / “12’“::), (34)

involving the constant Cyy = C* to be fixed below and the action
AZZdT{S (7)- —(—) + u(t)(S™(1) + S(1) — Nma)

+H(S*(1),5(1 — dr))}, (35)

where dt = ¢ and dS(1)/dt = (S(1) — S(t — dt)/dt involves S(t) due to Eq. (30) and
S(t — d1) due to Ec. (32). The trace structure leads to periodic boundary conditions
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S(B) = S(0), related to the bosonic nature of the spherical spins. One might be tempted
to take the continuum limit of Eq. (33). However, note that this is a dangerous limit
since problems can arise that do not occur in our discrete formulation [41]. For a
concrete example, we have discussed in Appendix A what is the origin of the problem.

2.5.1. Free spins in a field

The simple case of free spherical spins in an external field is already non-trivial
[34]. This is because the spherical constraint couples the spins. Let us consider the
Hamiltonian

H=-T Z(S,‘,Ip +55,) (36)
We can introduce imaginary time Fourier transforms
S,’(T) = Z Si(ue_i“ra
“) — ZS (T) I(I)'r (37)

where @ = 27nT is a Masubara frequency with | <a<M and 1= j§/M with | <j <M.
Integrating out the spins we obtain

Z = /Du exp(—NA4) (38)
with (denoting imaginary times again by j = t/¢),
A*—rmJZu(ﬁH—mtr,lnB—F FzzB (39)
J i’
where
Bjy = (1 + en(je))dj; — d; 041 (40)

with &147+1 = 1 due to the periodic boundary condition. We write

p(je) = u+ (1 +ep), (41)

where pu is the saddle-point value, that will turn out to be real, whereas the deviations
y; are imaginary and turn out to be ((N ~12). We expand to second order in p;. The
matrix

= —— By 42)
i 1+ en (1) (
has diagonal elements 1 and off-diagonal elements —a = —1/(1+ep). Its inverse is [41]
- 1 - .
By =1— arf 3 L27,
1 M+i—j . . (43)
s , i< j.

s



20 Th.M. Niewwenhuizen, F. Ritort ! Physica A 250 (1998) 8§45

We can now expand the action to second order in y;. This gives after some algebra

A=Ay + A4, + A, , (44)
Ay is the saddle-point free energy
2
BF = Ag = —Buma +mIn[(1 + )" — 1] - ﬁL
U
1"2
— —Buma +mln[ef — 1] - ﬁT (43)
This gives the saddlz-point equation
m r?
T= o= + P =ma . (46)

At zero field one has ef* = g/(c — 1), yielding fF = —S.. with infinite temperature
entropy

Soc =m[olng — (o — )n(o — 1)]. 47)

Due to the scaling of the spherical constraint with m and the harmonic nature of the
spherical spins, this yields an equal amount of entropy for each spin direction.

For non-zero field the large temperature behavior is still of this form. For small
temperatures, however, excitations will have a gap AE = (T = 0) = I'/\/m(a — 1).
This follows since

I r e—[ME

U (o — el (P — 1)) ~ NCCED (1 + e ])> . (48)

Note that this gap scales linearly in the field I', as expected for free spins in a
field. Other quantization schemes have been proposed where the action involved a
second-order derivative in imaginary time [42—44]. Physically, this is due to a kinetic
term of the form (dS/dr)’ rather than our first-order derivative S*dS/dr arising from
the Trotter approact. The kinetic terms describe different physics, e.g. the quantized
kinetic energy of a rotor. Such a system always has a finite-energy gap due to its
harmonic oscillator character. Spin systems are fundamentally different. Spins have no
kinetic energy, and for quantized spherical spins the energy gap, indeed, vanishes when
the field vanishes.

The next terms in Eq. (44) fix the prefactor of the path integral. They are discussed
in Appendix B.

2.5.2. Puair couplings

Another non-trivial situation is quantized spherical spins that are coupled in pairs in
the presence of an external field. This covers both the ferromagnet and the spin-glass
cases:

H=- Z']fjs.'tapsjop - Z F,(S;Tp + S:‘np) : (49)
ij i
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We can diagonalize the coupling matrix, and introduce imaginary time Fourier
transforms

S,—(‘L’) = Z Zséme[i ~i(ur’

1 QT /.
Sio =7 %jsi(r)e e (50)

where e/ is the normalized eigenvector of Ji; with eigenvalue J;. Integrating out the
spins we obtain the intensive free energy

A 1 wo  MeI?
ﬁF:—ﬁ,uquLlin(l%—s,u)—ﬁ—VZ mln(l—a,—v)—l_—a: (51)
— —Bumao +m / p(J;)dJ; In(eP — Py — / p(J;)dJ, uﬁ_ J \ (52)

where I'; = Y_,e/I; is the projection of the field on eigenstate 2. The thermally
averaged occupation numbers are

T

85 Si) = .
< ) > n—= iQu) - J/,‘els(u

i (53)
These results have been analyzed for a ferromagnet on a simple cubic lattice. One
has J; — J(k) = 2J(ccsk, + cosk, + cosk.), with integration measure d°k/(2n)°. In
particular, one finds a low-temperature specific heat C ~ mT*? due to spin waves
in m-directions. Note that the spherical constraint also allows longitudinal spin waves
[34].

When spins are only coupled in the z-direction, while the field acts in the transverse
(x) direction, one has in the limit M — oc

3 r2
dk In(e’ — 7y L (m — 1) — 1) — B

,BF: 7[3/1"’!0’4‘/(271_)3 ‘Ll.vé.].

(54)

From these equations the zero-temperature quantum-phase transition in a transverse
field can be analyzed. Some results were given in Ref. [34].

The case of a spherical spin glass with pair couplings between the z-components will
be useful for a check of the results of next section. Here J;; are random Gaussian with
average zero and variarce J?/N. The distribution of eigenvalues is the semi-spherical
law

1
p(J;) = 2nJ2’/4J2 —J? (55)




o=l
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with —2J < J; < 2J. For any M one can now calculate the thermal occupation
numbers

dao= [ PSS,
= ), —0——————
/’O(J") >~ iQw — J;eltw
_ 2T
= iQy -+ \/(# "0, — 42 ’

(56)

Below the phase transition the system will have condensed partly in the mode with
largest eigenvalue 2J. Its occupation number Ng = 53,52, will be extensive. For v = 0
one then has the expectation value

2T
R Y e — 57
The free energy reads
BE = —Buma + / P, % > In(l + e — (1 + 8J;)e”™)
2isw /H—‘Z
+(mfl)21n(1+8ufe" ) — . + Bl —2J)g, (58)

w

where the (m — 1)-terms arise from the transverse spin components and the last term
from the ordering fizld, respectively. Using

a+Va@ -4 a—\al - 4b?
J))dJ;In(a —bJ;)=1In 59
./p( JdJidnta=b2) 2 2(a+ Va2 — 4b?) &9
for a = 14 &u — e**, b = ge*™, we can express the integral as
2 72
~ ~ ~ 2
—1 4 gy — ) — In(M(Gy — ) — ——(dy — q)
. ~ ~ [))2‘]2 2iew A2

DI B 190y — (M) — S5 g, (60)

w#0

Variation of Eq. (58) w.rt, Sy yields ¢ = S7,8/N =0 or = 2J, g > 0. In the
latter case Eq. (57) yields §, = g + T/J. We may therefore make the replacement

/}2‘]2 , ,82.]2 5 q
i — . 61
>4 >4 T (61)

—2BJg + BJq.q — i —q
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This finally leads to

2J2 .
pF=— Fr G —7)— 3 1+ Bu(g, — mo)
2 qd_q

1’*2
—In [ﬁu(ci; ~q)— '87 +mn[(1 + g™ —1]

—+ Z [ ~1 + ﬂ(/“l - iQw )éd(u - ln([f(/t - i'(?u) )éz/u))

w#0
ZJZ o
— /)) 5 eZu.(.)qiw:‘ ] (62)

In the next section we shall recover this expression as the p = 2, x — 0 case of
Egs. (65) and (67). The condition x = 0 occurs due to absence of replica symmetry
breaking. This should be expected since the system condenses in only one mode, the
one having the largest ecigenvalue [45]. When also short-range ferromagnetic interac-
tions are present, thermodynamics and correlation functions can be solved exactly. The
largest mode may then be due to the onset of spin-glass ordering or of ferromagnetism
[46].

For low T the representation, Eq. (51), shows that the specific heat behaves as 372,
One can also determine the time-dependent correlation function

4a(1) = G4,

0]

er(p £)
:/P(Ja)d-].il—_m (- < 1t<0). (63)

At T = 0 it is unity in T = 0 and zero in 0%, while it decays as gq(7) ~ |z| =37 for
T — —oC.

2.6. Spin glass in a transverse field

It is known that a given classical Hamiltonian may come from several quantum
Hamiltonians. A similar situation occurs here. The simplest case is where the classical
Hamiltonian contains complex-valued spins [47], which can be replaced by operators.
We thus consider the case where H depends at each site either on the creation or the
annihilation operator. For p = 4 we have the Hamiltonian

E , ']Uk’Sl(lp ]OpS/s'(IpS;()[)
! ijki=1

-r Z(S,‘Jp +S5,) (64)

with Hermitean Jj; [47]. (For odd p we have to add Hermitean conjugate terms; here
they are included already.) This means that for each quartet (7, /, kDhwithi < j, k<1
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there are four independent random variables, Ji, and J{’,, each having average zero
and variance 9/°/N°. In terms of Ji, = J{, + iJ{’, the couplings in Eq. (64) read
Jipr = Jk*u/' =Ji +i)y and Jy; = Jk*j.i, =J; —iJ,. These results hold for i < j, k < [.
The other sectors follow, of course, by symmetry: Jiu; = Jjis = Jijue = Jjux. A similar
approach will work for general even p.

In the replicated free energy, we look for a saddle point with u,(t) = u and
g1, 7)) = (SO 8(T)) = qult — ') and with gu(r,7) = (S5 SN} = gy
independent of 7,7’ for o # f. For M Trotter steps the free energy for a one step
replica symmetry-breaking solution with plateau ¢ and breakpoint x = 1 — & reads

F = Fyatic + Fquunl (65)
with
2 72 ~p B 1 q~d _ g:C]
BFST[Iti(‘ - (qa' - qu) - __ln ~ -1
2 X 4449

312
+BiG = m) Il — )~ minfeh 1] (66)

being mainly twice as large as F. in Eq. (5), due to doubling of spin degrees
of freedom (now ccmplex, previously real). A more important difference is the re-
placement mIn fu — mln(ef* — 1). As we shall see, this improves quite a bit on the
not-too-low-temperature behavior. After deriving this expression at finite M we have
replaced a term mIn (1 +u)” — 1] (see also Eq. (62)), by its limit mIn[e®* — 1]; we
shall come back to this point below. The quantum correction reads at finite A/

ﬁFquanl
=Y 11+ Bli— i) g0, — (B — i€20)dy.,)]
w#0
22 N 0 . /jZJZ R
—B2M Z{qﬁ”(s—f—t)qﬁ’z(a—r)—l— ——2——q5. (67)
T
Here we have Fourier transforms
A 0T ~ 1 —imt

(0= du"s da = 37 2 4a(e (68)

and denoted G, = §,,,—o-

If one inserts in the J? term of Fouwm that g4(t) = g, is independent of 7, the
J*-terms cancel. Then the g,,’s can be solved, after which the whole F., vanishes
identically. This is closely related to the static approximation (SA) of Ising mod-
els (see below) introduced by Bray and Moore {22]. This approximation neglects the
time dependence of the correlator g,(t) where ¢4(t) — g4 is also independent of 7.
The remaining difference with previous classical theory is the replacement mIn fu —
mIn(exp(fu) — 1) ir. going from 2F /450 10 Fygrc. This replacement already improves
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Fig. 3. Phase diagram for the quantum spherical model for p = 4. The multicritical point and the critical point
are given in the static approximation (SA) by Tep = 012781, Iyep = 0486, Teep = 02118, T = 0.3743.
The continuous line is the SA and the dotted line is the M — oc extrapolation which yields I'c = 0.5453
at 7 = 0.

the low-temperature behavior. The phase diagram in the SA can be numerically com-

puted and is shown in Fig. 3. It is qualitatively similar to that computed in the clas-

sical case (see Fig. 1). We find a thermodynamically first-order transition line with

a multi-critical point te-minating in the high-7 phase in a critical end point. At low

temperatures the first-order line shows the phenomena of reentrance and negative latent

heat along that line down to 7 = 0. This is a failure of the SA as we will show below.
Beyond the static approximation the saddle-point equations read

é r ebi
a=0—’%(,3)+ﬁ+(m—1);m=m0~ (69)
2 I 22

(~ =0— Bu= - - Eﬁ—qpil
@qL{ ¢ag—9q 2

Pﬁ2J2 1 pi2
5 Zq{; (e -0l e+ 1), (70)

- 272
qL:O%pﬁ_‘]c‘,p—l = _ 7 ____, (71)
cq 2 (Gs —aXqy — Eq)

¢y gy Lipde=<a el 0 (72)
—=0— - ¢ — = — = ” = 0.

x 2 T TR g xd -

The latter equation is solved by x = (p — 1 — n)(§, — ¢)/(ng) with the same 7 as in
the classical case Eq. (12).
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Both for » # 0 and for @ = 0 we multiply ¢F,40/4,,, by §,,, and go to the time
domain. This yields

Buqu(t) + M(gq(t) — qua(t + &)

&g’
= Moy — —= s
I — )y - 29
2J2 — "
+pr :qu(r+a~r’)qf,"2 "e— )0 e+ ) (73)
-

with t = je, j = 1,2....,M, and ¢ = /M. Note that now Eq. (70) becomes redundant,
as it follows already by summing Eq. (73) over .

2.6.1. Numerical solution at finite M

We have numerically studied the quantum equations with m = ¢ = 2. In order
to compare with the classical case where (1/N)3Y_S? = 1, we have rescaled spins
S — S/\/ma, S* — 57//ma to yield a unit constraint also in the quantum case. This
amounts to scaling tzmperatures and fields to 7 — T/(ma ), I' — I'/(mc)*?.

The Trotter limit M — oc should be taken. This set of non-linear equations can
be numerically solved for a different values of M. We find that depending on the
regularization term [48] we use for the static part of the free energy eq. Eq. (66) the
low-temperature behavior of the first-order line shows quite strong finite M corrections
and the numerical extrapolation to the limit M —- oc is not safe. To overcome this
problem we did the following: we took two different regularizations for Fy ., i.e. we
replaced the term m log(e* — 1) by the general m; dependent expression

M
(m — m)log(e™ — 1)+ mlog ((1 +EME> — 1). (74)

Note that in the limit M — oc this expression coincides with the term mlog(e* — 1)
for any value of m,. For finite M the behavior of the first-order transition line at very
low temperatures strongly depends on the value of M. This is a direct consequence
of the correct order of limits in the saddle point equations where the limit M — oc
should be taken before the limit 7 -— 0. Consequently, the behavior of the line in the
limit 7 — 0 is quite different if these limits are taken in the opposite way (i.e first,
7 — 0 and later on M — oc).

In the classical model we had M = I, m; = m. We found that the first-order line
matches the 7 = O axis with a negative slope without reentrance (see Fig. 1). In the
quantum case with s, = 1, M =1 this situation persist with smaller value for I' at
T = 0 and larger slope of the transition line. In the static approximation (Eq. (66))
one has m; = 0, so the regularization term coincides with the M — oc limit itself.
In this case the mocel shows the phenomena of reentrance for finite M close to zero
temperature (like in “he SA of the Ising model. see below). As we expect the transition
line to have infinite slope, this indicates that for each M an optimal value for m, exists
between 0 and 1 where the slope is infinite.
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Numerically, we proceed in the following way: for a given value of M we determined
the value of m; such that the first-order transition line meets the 7 = 0 axis with
infinite slope. The optimal lines obtained in this way for different values of M (we
took M = 1,3,5,7.9,11,21,41) are then extrapolated to M — oc. We found that a
second degree polynomial in 1/M is enough for such extrapolation to be accurate (even
if higher-order polynomials are needed at very low temperatures).

At zero temperature we obtain I'. = 0.5453 for p = 4 and m, ~ 0.033. The
resulting extrapolated boundary line for p = 4 is depicted in Fig. 3. Only at very
low-temperatures deviations form the SA are important. The phenomena of reentrance
has now disappeared since this was an artifact of the SA. The latent heat at very low
temperatures, across the first-order transition line, vanishes exponentially with 1/7. At
high-temperatures correc:ions to the SA are, indeed, very small and the value of the
transition field in the SA is always larger than the exact M — oc extrapolated value,
The opposite result is found at very low temperatures.

In Section 3 we will see that a similar scenario is valid for Ising spins in the SA
and also beyond it.

2.6.2. Continuum limit: M — >
Let us now take the limit M — oc. We set

qa(t) = q + p(7) (75)

with p(t) = p(t+ f). Eq. (73) implies a discontinuity for 1 = 07: p(07) = p(0)— 1
with p being left-continuous at 0. At other t one gets

2 h2
dp(7) _ p(1) n LJh / df/[p(f) - p(t + T,)]
B2

dr  [dvp(t') 2

x[(q + pa NP g+ p(—= NP —q" '] (76)

Further, one has

5

o I= m— 1
Q+P(O)+#—2+]Tﬁ;:mﬂ'a (77)
2
P DS g M (78)
2 (fdrp(0))?

1
1 T @)
52

pJZ ' Iy pi2—1 1N P2 p—1
+2 /df[(q+p(f NP2l 4 p—T )P — P (79)
B2
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The internal energy reads
f2
U=~ / drlig + p(0))" (g + p(=1)"? ~ ¢”]

b

(p—1-n)g"" 2r?

___p____~’1_)q_._ /d-[p(r)__‘u_‘ (80)
—p2

For p =4 its Fourier representation reads

2 A ~ n N -
U= ‘ﬁJ z qd(ulqdwqu(u;qdﬂu + :[))‘]2q4

O =Wr=3+y

(p—1-n)g""! 25
—————n—*———ﬁpw:o — _ﬂ_ , (81)

where §,, = pow + G0,y

These equations are particularly useful at 7 = 0. It can then be seen that p(7) ~
1/2 for t — *oc, implying that p, = T [ dtp(1)e"" ~ T(1 + || + iw). Expanding
the sums in Eq. (81) in powers of p we find sums over 1, 2, and 3 frequencies.
The one-frequency sum can be calculated as follows. We extend the Euler-Maclauren
formula to complex functions with non-analyticities of the form |w|, and obtain

2
1Y f= [ Sere-Fow g (82)

w=2mnT

The two and three frequency sums are convolutions of this and produce also 7° + 7*
terms. This yields a behavior U = Uy + UaT 2, which implies a linear specific heat,
C =~ 2U,T, in the spin-glass phase. This result holds for the present p-spin model.
Unlike stated previously [47], C ~ T also holds for the p = 2 + 4 model with infinite
replica symmetry breaking. For p = 2 only there is no replica symmetry breaking, and
the system is in another universality class. As discussed above, one then has C ~ T%72.

3. Ising spins

The Ising p spin-glass model in a transverse field is defined by

A== > T, 005 —rZa (83)

i) <iy <o <ip

where 67,07 are the Pauli spin matrices and I' is the transverse field. The indices
i1,i2,...ip Tun from | to N where N is the number of sites. The J;,, ;, are couplings
Gaussian distributed with zero mean and variance plJ?/(2NP~'). We shall choose
units in which J = 1.
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Here we will computes in the SA, the phase diagram of the model Eq. (83) and
show that coincides in its essentials with that reported in the previous sections. Detailed
computations of the quaatum Ising model Eq. (83) have been already presented in the
literature. Here we only sketch the main steps of the derivation of the saddle-point
equations skipping the details. The interested reader will find more details about their
derivation in Refs. [28,31,32].

The free energy of the model is computed using the replica method as in the pre-
vious section. After discretizing the imaginary time direction using the Trotter—Suzuki
decomposition we obtain a problem described by an effective Hamiltonian

R YARIED VIR &

l<j

where the time index i runs from 1 to M and the spins o! take the values +1.
The constants 4, B and C are given by 4 = p/M;B = %ln(coth(BF/M));C =
(MN,/2)1n(%sinh(2ﬂF /M)). Now, we apply the replica trick and compute the average
over the disorder of the replicated partition function

z;_/[au]zcxp (Z HE ) (85)

{1} a=1

Computations are easily done and the problem can be reduced to a dynamical equation
involving Ising spins in a one-dimensional chain. The free energy reads

pf = lim F(Qn’A), (86)
where
Py =-"C 4 Loy - S (0 (87)

abtt’

with Qab,Ag,; being the order parameter and the trace Tr is done over the replica and
time indices. The term H(A) is given by

H(A):Zexp( MZZ “ 5l o, +BZJ’ ’“). (88)

'

The most general time franslation-invariant solution of these equations is given by
0 = Qw (a#b), f = Aw (a#b), (89)
= galt— 1), AL =it ). (90)

Because at zero transverse field the classical solution is a one step of replica sym-
metry breaking we look also for solutions of this type in the quantum case. We divide
the n replicas into n/m boxes K of size m such that m divides n. The saddle-point

solution when a # b takes the form ”b =g A%, =4 if a,b € K and Q” = A”b =0
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otherwise. If ¢ = b we have Qj,’(; =qgu(t—1"), Aﬁ,’{; = /4(t —1"). Finally, the free energy
reads

12 52
pr=—c-Lomvg LS @y

o

BAm — 1) p " '
I LY ;qd(t—t Yt — 1)

l :x‘; —m
——In ( / dp.Z"(x) O1)

6

and dp, = dxexp(—x?)/(2m)""? is the Gaussian measure. The order parameters are
determined by solving the saddle-point equations

o
of Ly (92)
éq 0. Cm

of ef
Aqu(t =ty érg(t—1t) ¢, (93)

where Z{(x) is given by

Z(x) = Zexp(@(x,{a,})) (94)
{o:}
with
AZ
O, {o}) =% Y (alt = ') = )o,00
+BZ(T,O‘,+1 —l—A\/AT.XZO', . (95)
Solving Egs. (92) and (93) we get
p=Lar= -y =gy, (96)
2 2
g= (@),  qut—1)={{Ga)), 97)

1= p)frgr 1 T
(—pﬂ—q:ﬁl” /dpx: )

~ Lo . (98)
m
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where the averages ({..)} and (-) are defined by

J7o dp E(x)"A(x)

({Ax)) = j_"io dp E(x)"

(99)

Z{m} B(o,)exp(O(x,{a,}))
E(x) ’

B({o:}) = (100)

where ©(x,{o,}) is given in Eq. (95).

The solution of this system of coupled equations is quite complex because there is
an infinity of parameters (gq(¢ — t’)) which needs to be computed in a self-consistent
way. For p=2 (the SK. model in a transverse field) the transition is continuous in
the presence of the transverse field and there is only one quantum paramagnetic phase.
For p=2 these equations have been studied using five different methods. These are:
(1) doing a self-consistent approach [49] or a Ginzburg-Landau expansion [50,51],
(2) performing exact small M calculations [52,53] (3) Perturbative expansions in the
field [54,55], (4) numerically solving the Schrodinger equation [56,57] and (5) doing
quantum Monte Carlo calculations [ 5§—-60]. In the case p >3, the transition is discon-
tinuous and Eqs. (97) aad (98) have been perturbatively solved by expanding around
the p — oc limit [31,32] where the SA (see below) is exact. Here we will revisit the
SA showing that the phase diagram of the model coincides in its essentials with that
presented previously for the spherical model. We will go beyond the SA later on and
numerically solve Egs. (96)—(98) by doing finite M calculations in order to check the
reliability of that approximation.

3.1. Zeroth-order solution: The static approximation

The SA amounts to consider g4(t) and /74(¢) independent of f. This corresponds
to supress quantum fluctuations. This is exact at zero transverse field but it turns out
to be inaccurate at finite field and crucial for the thermodynamic properties at zero
temperature. The failure of the SA is very clear in case of continuous quantum-phase
transitions where the quantum critical point is characterized by the dynamical exponent
z, an exponent which caanot be computed within the SA. The situation is slightly better
in first-order quantum-phase transitions where there is no critical point. Hence, there
is no divergent correlazion length and imaginary time correlation functions can be
well approximated by constant values [19]. Generally, this approximation can be the
source of pathologies at low temperatures where the third principle of thermodynamics
is usually violated. At not too low temperatures we will see that this approximation
vields a phase diagram in qualitative and quantitative agreement (within 10% in the
worst case p = 3) with the full dynamical solution.

Let us first analyze the solution of the mean-field equations in this approximation
and study the phase diagram of the model
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Introducing A4(t — ') = A4, qa(t — ') = qq in the free energy Eq. (91) we get

pr=P0om gy UMy
—in [ dp(Ey. (101)
where
=(x) = / i dp.cosh(T(x,z)) (102)
T(x,z) = (b* + BI*H)V2. (103)

The A, /4,m are determined by solving previous equations Egs. (96)—(98) and ¢, g4
are determined by solving the following equations [61]:

g = {{(sinh(T)D/T))), (104)
ga = (((cosh(T X(b/T 2 + (BT 2sinh(T))/T3))) , (105)

where the average {(.)) was previously defined in Eq. (99) and the average (..) is
given by

jfooo dp.B(x,z)

B(X,Z) = _E(T .

(106)

The phase diagram of the model can now be computed for any arbitrary value of p.
As in the spherical case we find two different paramagnetic phases. Putting g = 2 =0
and m = 0 in Egs. (104) and (105) they reduce to a single equation

7S dpor(sinh(#(x)))/b(x)
[ dp.cosh(P(x))

with @(x) = /T2 + f2Agx? and iy = pql; ~'/2. This equation can be numerically
solved. Like in the spherical case one finds two paramagnetic solutions separated by
a first-order transition line with latent heat. Let us call QP” and QP~ the quantum
paramagnetic phases associated to the largest and smaller value of g4, respectively. The
transition line can be constructed using the Maxwell rule. As temperature increases the
latent heat decreases. Consequently, the first-order line ends in a critical point (8., 1)
with mean-field critical exponents. The existence of this critical point has been already
pointed out by Dobrosavljevic and Thirumalai [31]. We have numerically computed it
for several values of p. Details of these computations are given in the Appendix C.
In the infinite p lirit this critical point is pushed up to infinite temperature [28] and
its scaling behavior in the large p limit has been analytically obtained in Ref. [31]
finding I'. = 0.7579, T. = 0.2593,/p.

As temperature is lowered the first-order line finishes in a multicritical point which
separates the three phases of the model (two paramagnetic QP~ and QP and one
quantum glass QG). The boundary lines which separate the paramagnetic phases from

qd (107)
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Fig. 4. Phase diagram for p = 3 with Ising spins. The critical point is given by 7., = 0.3528,I'c, = 1.1078.
The multicritical point is extremely close to the critical one and is indistinguishable from it in the figure.
At zero temperature, I'. = 1.174. The dashed linc is the dynamical transition.

the QG phase correspond to different thermodynamic phase transitions. The line which
separates QP~ from QG has no latent heat (this is the continuation of the usual
first-order classical phasz transition at I" = 0). The line which separates QP< from
QG is a first-order transition with latent heat. The latent heat is positive when crossing
the QP= — QP~ line as well as the QP — QG line. Lowering the temperature the
QP™ — QG line is determined by the Maxwell construction but allowing m to be
different from 1 and ¢,/ jump to a higher value when crossing the QP< — QG line.
For low values of T the breaking point m is nearly proportional to the temperature and
the difference between ¢, and g proportional to the temperature in the paramagnetic (in
this case ¢ is equal to 0 and g, is proportional to 7') as well as in the quantum-glass
side (where ¢ and ¢, reach a finite value smaller than 1).

The behavior of the lztent heat in the boundary lines QP~ — QP~ and QP< — QG
as a function as a function of the temperature is the following: starting from the
critical point (where there is no latent heat) and lowering the temperature the latent
heat increases as a function of the temperature reaching a maximum in the multicritical
point. Then the latent heat decreases and vanishes like 707! at low temperatures.

We have analyzed in detail the phase diagram for two different values of p. We
have chosen a small (g = 3) and a large value of p (p = 10). The phase diagram
for p = 3 is shown in Fig. 4 and that of p = 10 is depicted in Fig. 5. The latent heat
along the thermodynamic first order transition line is shown in Fig. 6 (for p = 3,10,o¢
respectively). For sake of completeness we also show the dynamical transition line for
different values of I' in the QP phase (see Refs. [20,21] for more details how this
line has been computed in the random orthogonal (ROM) model). The main result
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Fig. 5. Phase diagram for p = 10 with Ising spins. The critical point and multicritical point are given by
Tep = 0.7765,Icp = 0.8303, Toep = 0.5543, Iy p = 0.854. At zero temperature I'. = 0.8855. The dashed
line is the dynamical transition.
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Fig. 6. Latent heat for the p-spin Ising spin-glass model with p = 3,10,0c (from left to right). The last
case are the results obtained by Goldschmidt [28]. [t is shown along the boundary lines which separate the
PM < phase from the other phases as a function of the temperature. There is a maximum at the multicritical
point.

concerning this dynamical line is that it crosses the first-order transition QP~ — QP~
below the ending critical point.

The main difference between Figs. 4 and 5 is that for p = 3 the critical point is
hardly observable (but it is there!, the difference between 7., and 7., being of order
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1073). Also the latent heat corresponding to p = 3 is smaller than that of p = 10.
Being the case p =3 o0 close to p = 2 (where the transition is continuous and there
1s no multicritical point) it is natural to find that the transition is nearly continuous.
Note that also for p = 3 the dynamical and the static transition lines are both very
close to the multicritical point.

As anticipated in the previous sections we observe in Fig. 6 that the latent heat
becomes negative at very low temperatures. For p = 3 this happens below 7 =~ 0.1
while for p = 10 this effect persits but is hardly observable. This is a small effect
because the latent heat is already of order —1073 for p =3 and —10~° for p = 10.
The same comments presented in the spherical model also apply here. A negative latent
heat implies reentrace close to zero temperature. Consider the Clapeyron equation for
first-order transition lines dI'/dT = L/(TAM,), where L is the latent heat and AM, is
the change in transverse magnetisation when crossing the PG= — QG line. Because
AM, is always negative (increasing I” the transverse ordering M, increases) a negative
latent heat implies dI'/dT > 0, i.e. reentrance. In fact, reentrance is observed in Fig. 3
for p = 3 and hardly observable (but there is) in Fig. 4 for p = 10. In the limit p — >
reentrance disappears [28]. Like in the case of spherical quantums spins reentrance for
finite p is an artifact of the SA.

Perturbing around p=2 we expect the following scenario for p=2 the transition
is continuous (there is no latent heat) and there is no multicritical point. Above a
critical value pE.” >2 it appears a multicritical point which separates a first-order tran-
sition line (with latent heat) from a thermodynamic second-order transition line. The
second-order transition line has associated a dynamical transition line (the dynamical
transition predicted in the framework of Mode Coupling theories) which meets the
static line precisely at the multicritical point.

In the regime 2< p< pf” there is a unique quantum paramagnetic phase. Above
a given value p(cz) such that p§2)> pfvl) a first-order transition line appears with two
paramagnetic phases in both sides. Whether pﬁ,z) is larger or smaller than 3 is unclear.
Within the SA, we expeact pf~2) to be quite close to 3. A definitive answer to this ques-
tion requires a full analysis of the theory beyond the SA. In this sense a perturbative
study in p = 2+ ¢ would be useful. The fact that p = 3 is close to p(f) explains why
the transitions looks like a continuous one with very small latent heat (see Fig. 6).

3.2. Beyond the static approximation

As said in the previous section it is natural to expect that the SA works well enough
if the transition is not continuous. In fact, we expect it should yield better and better
results when p increasss (in the p — oc limit it is exact) even if it is always wrong
because it definitely violates the third law of thermodynamics at zero temperature [31].
For smaller values of p it should be progressively worst being uncontrolled close to
the quantum transition point at p ~ pﬁ.z).

To go beyond the SA we have numerically solved Eqs. (96)—(98) for different values

of M for a fixed value of 8 and extrapolating the results to the M — oo limit. This is
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Fig. 7. Free cnergy as a function of the transverse field I in the Ising case for p = 3 and 7 = 0.3 for
different values of M. The dotted lines correspond (from below to above) to M = 4,6, 8, 12. The long-dashed
line is the free energy exirapolated to the M — oo limit. The dashed line which connects the filled circles
contains the transition points for different values of A, the last one is the extrapolated transition in the
M — oo limit. The continuous line is the free energy in the SA and the star indicates the transition point
in that approximation.

a method which usually yields good results and has been applied in several cases to
continuous quantum-phase transtions in disordered systems [52,53,60]. The essentials of
the method has been already presented in Section 3.6 for the spherical quantum model.
Here we will show how the method works for first-order quantum-phase transitions
in Ising models. Our procedure is quite simple: we solve the system of non-linear
equations, Egs. (96)-(98) for different values of M looking for a quantum paramagnetic
QP< and a quantum glass QG solution. We have used periodic boundary conditions
such that gy, = 6. The QP< solution is described by ¢ = 2 = 0 and qu(t —t)
different from zero. Without much effort the equations can be solved in the QP phase
up to M ~ 16. In the QG phase the solution of the set of non-linear equations requires
more computational effort (because ¢, A and m are now finite and some one dimensional
integrals cannot be avoided). In this case we were able to solve the equations only up
to M = 12. Looking at the crossing point between the free energies of the two phases
we can obtain the transition point for different values of M. Then we extrapolate the
free energies, latent heat as well as the transition point, to the M — oc limit. A second
degree polynomial in 1/M fits quite well the data.

In Figs. 7 and 8 we show the free energy as a function of the transverse field I’
for p =3,7T =03 and p = 10.T = 04. The M — oc extrapolation is compared
to the static ansatz which appears to be a reasonable approximation in this case. The
error in predicting the value of the critical field is ~ 10% for p = 3 (I =
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Fig. 8. Free energy as a fuaction of the transverse field I in the Ising case for p = 10 and 7 = 04
for different values of M. The dotted lines correspond (from below to above) to M = 2,4,6,8,10, 14. The
long-dashed line is the free cnergy extrapolated to the M — oc limit. The dashed line which connects the
filled circles contains the transition points for different values of M. the last one is the extrapolated transition
in the M — oc limit. The continuous line is the free energy in the SA and the star indicates the transition
point in that approximation.

1.021 £ 0.002, 'S4 = 1.14604) and 2% for p = 10 (I'e"? = 0.841 = 0.001.I'* =
0.8798). This error should increase at lower temperatures. The latent heat is shown
in Fig. 9 for different values of M as well as the extrapolation to M — oo compared
to the value obtained in the SA. The agreement is very good for p = 10 but not for
p = 3 where the SA predicts a latent heat nearly 4 times larger than expected.

Another interesting result in Figs. 7 and 8 concerns the jump in the transverse mag-
netisation. Using the relation .#, = —0F/¢I this jump manifests in a discontinuous
change of the slope or the free energy as a function of I'. From the figures it can
be observed that the transverse magnetisation always decreases going from the QP<
to the QG phase. The jump is very small for p = 3 and increases for larger values
of p.

It is very difficult to perform numerical calculations at much low temperatures,
mainly because the scaling behavior in M is found when the ratio /M is small in
order to extrapolate to the continuum limit §/M — 0. At 7 = 0.1 we have studied
the case p = 3 for values M = 8,9,10,12,13, 14, this last case being the limit of our
computational capabilities. The results are shown in Figs. 9 and 10 where we plot the
latent heat as a function of 1/M. It is difficult to extrapolate to M — oc because we
do not have large enough values of M in order to do that. The data is compatible with
the fact that at very low temperatures the latent heat is negligible in the M — oc limit.
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Fig. 9. Latent heat for the Ising case, p = 3 (filled circles) and p = 10 (filled triangles) at the transition
point for 7 = 0.3, 7 = 0.4 respectively as a function of /M. The dashed lines are second degree polynomial
fits in 1/M to the data. The triangle (p = 10) and the circle (p = 3) in the vertical axis are the values
estimated in the SA (L)1) = 0.027 £ 0.001. L3A ;= 0.02767. L7 = 0.0097 + 0.001. L¥L, = 0.036).
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Fig. 10. Latent heat for the Ising case, p = 3 at the transition point for T = 0.1 as a function of 1/M.
Extrapolation to the M — oc limit is not safe since we are far from the scaling region.
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4. Discussion and conclusions

In this work we have investigated the quantum-phase transition in spin glasses with
multispin interactions in a transverse field. We have introduced a solvable spherical
model which yields a phase diagram qualitatively similar to that found in the Ising
case (in the static approximation (SA) and also beyond). Details of the quantization
of the spherical model have been given. We find indications that the specific heat is
linear at low 7. This is possibly related to a finite density of two level systems in
the free energy landscape. We have also seen that p-spin models in a transverse field
(spherical and Ising) tyoically have a first-order transition line in the paramagnet, that
we have called the pre-freezing line.

For the p-spin models the study indicates (as expected) that the static approximation
(SA) can be considered as a classical approximation where quantum fluctuations are
fully neglected. A zero-order calculation shows that the SA seems to yield qualita-
tive good results for first-order (but not too weak) phase transitions at not too low
temperatures. The situation is different for continuous quantum-phase transitions. In
particular, we have checked the approximate validity of the SA in both the spherical
(with quantized spins) and the Ising model numerically computing the free energy and
the transition line. This has been done solving the time correlator g,(z — ') for finite
values of M and extrasolating to M — oc. The SA predicts the phase diagram of
the model with reasonable accuracy. For instance, for p = 3 in the [sing case the SA
yields the phase boundaries with a precision within 10% improving for larger values
of p. The approximate validity of the SA is restricted to high temperatures. Indeed,
at very low temperatures the SA fails. This manifests in the phase diagram of both
the Ising and spherical cases (this last one with quantized spins) which display the
phenomena of reeentrance. This pathology is related to the incorrectness of the SA and
disappears when taking into account quantum fluctuations.

In the simplest scenario the multicritical point should appear as soon as 1 < pfw” < p.
In this case the phase diagram should be qualitatively similar to that of Fig. 4 with only
one quantum paramagnetic phase. Above a second critical value p((»z’ the multicritical
point would develop a l'ne ending in a critical point restoring the two different quantum
paramagnetic phases like is observed in Fig. 5. It would be interesting to understand
(in the spherical as well as in the Ising cases) how the phase diagram of the model
changes when expandirg in p=2+¢ If 2 < pépgl) the transition should remain
continuous for small ¢, Then it would be interesting to investigate the dependence (if
any) of the dynamical exponent z with ¢. Recent results in the ROM model [20,21]
suggest that the quantum dynamical exponent could be not universal within mean-field
theory. This suggests that models with the same classical behavior may display different
quantum behavior in presence of the same type of perturbation.

It would be very interesting to investigate the problem of the existence of more
than one quantum paramagnetic phase in the quantum Potts model where it has been
suggested (like in the ROM model) that the transition becomes continuous at zero
temperature [23]. These are subjects for future research.
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Appendix A. Other discretizations of the coherent-state path integral

The coherent-state path integral has an obvious expression in the continuum limit
M — oc, dt — 0. However, that is a dangerous limit, which may introduce problems
that do not occur in its finite M expression [41]. A typical case is the following sum
over Matsubara frequencies w = 2mnT (n=1,..., M)

P =Y In(Bu—iQ,) - A" (A.1)

w

where A" is an appropiate normalization and
Q, = iMT(1 — ") = w, (lw]<1). (A2)

This sum can be carried out after expanding in powers of ¢/ and yields in the limit
M — oc

P =In[(1+ )™ —1] = In[ef* — 17. (A.3)

provided we choose A" = M InM. The common approach, however, is to approximate
Q. ~ w, choose 4" =} log(—iw), and to extend to sum from —M/2 < n<M/2—
—o0 < n < oc, which yields the result

P = In2sinhi B = In[e™ — 1] — Bp/2.. (A4)

This ill-defined proczdure thus brings a different result for the non-singular part. Those
terms also show up in the zero point energy, that is to say, terms that may arise when
normal-ordering of the creation and annihilation operators. The common approach also
yields a different answer for the first derivative of P wrt u. For the second derivative
the convergence is quick enough to yield the same answer in both approaches.

Appendix B. Normalization of the path integral: free spherical spins in a field

The second term in Eq. (44) is

m I?
-
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As expected, it vanishes when u is taken at the saddle point. The quadratic fluctuations
yield

; P m K
—24,=¢ Zuf (1 Y, —&——;)
J

e

s . ma™ 2 a‘.f‘./'/‘ 4+ aAW—J./—,f/'
+e ZWW <(1 — My + I 1 M : (B.2)
Vi

The ,ujz. and p;p; terms can be calculated by going to Fourier space. Using the equation
of motion 4, can be rewritten as

MmePt
—_ 5 = ,2 3
24, =Me Z Hol—o |:0' + 0o (efn — 1)2}
w
+[‘_2 1 N aeviu)z: B3
'uz 1 — geiwe | — ge—iwe : ( . )
Thus, the p-integrals yisld
Cy / o+ 2My/Bu) RTS
7 = i / 4p—1/2D
(2nMNag)M2 \ o + MmePij(eft — 1) + (211«[))/[)’;1)6 ’ (B4)
1+ a? 9 a{,//o-(] _ a2) — qe'™t — ge—iwe
D= | — ; :
%: n (] —_ ael(ué:)(] _ ae—lru;:) (B 5)
The w-sums can be carried out using
Z In(1 — bty = In(1 — b™). (B.6)
]
For the leading behavior at I' # 0 we get with b =1—1"\/2¢/u
1 2817
DzM1n5+21n(1-bﬂ’)z\/M\/ pr- . (B.7)
I
If we choose
Cy = (2nMNe )" (B.8)

it follows for I # 0 that the free energy has, on top of the extensive part TAj,
a non-universal contribution of order N°M'2. For I strictly equal to 0, there is a
universal term N°In M. Both terms are non-extensive and can be omitted if one first
takes N large and then M [34]. Actually, this is also the limit that underlies the saddle
point approximation. Physically it is also the natural limit, as for fixed small 7 the
M = oc limit is reached already for M ~ 1/T independent of N. This example shows
that the extensive part of the free energy of quantum spherical spins is a well defined,
natural object. Non-extensive parts are more delicate.
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Appendix C. Critical endpoint in the static approximation: Ising case
Here we give the equations which yields the critical endpoint in the SA in the Ising

case (see also [31] for the original derivation).
Starting from Eq. (107) we define the function g(x),

g(g) = g — @(x)~'x2 sinhd(x), (C.1)
where ®(x) = /7% + 2)x? and A = pg”'/2 and the average (.) is defined by
_ 0 dpoA(x)
A(x) = —;’g*—{ ¢ ) (C.2)
f~._ dp. cosh(x)

The paramagnetic dhases are found by solving the equation ¢(gys) = 0. This yields
one solution at very high temperatures and three solutions at lower temperatures. Of
these three solutions two of them are stable (the ones with largest and smallest values
of g7) while the other one (that with an intermediate value of g,) is unstable. This is
the same scenario as in the spherical model. The critical point is then determined by
the coalescence of these two stable solutions. This gives the equations

¢ 02
9(qq) = (E,—q) = (—Z—) =0. (C.3)
4/ g=q44 99/ 4=,

These three equations read

g0 = 1) = qu , (C4)
p(p—1) ,_5
&%Jq[; fPa) =1, (C.5)

Bp(p— g

2 P aqa) (C.6)

2 - p)fPqq) =

where [ f” , 22’, 2.3) are the first three cumulants associated to the functions f") (n =
1,2,3)

SO = sinh @, 7
1 = ¢3x4(d cosh @ — sinh @), (C.3)
f(3> = @~5x%(P2 sinh @ — 3P cosh @ + 3sinh P) . (€9)

These equations can be exactly solved yielding 7., I ,.q;" for different values of
p. Is not difficult to generalize this set of equations beyond the SA in the general case.

Appendix D. Equations for the energy in the Ising case

In this appendix we give the exact expressions for the internal energy used to com-
pute the latent heat in Section 4.2. We start from Eq. (91) by evaluating the derivative
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u =0 f/3p. This yields

oC _pim-lg” P Ny
T I fZMzgj(qm*z))'

-; )
+B(m — 1)g/ + A% qu(r ~ Yt —1")
73
|, dpEn ()eE/op
m 2 dpEn(x)
where C and Z(x) were defined in Eqs. (84) and (94) respectively and dp, is the

Gaussian measure. Doing the last integral by parts and rearranging terms we get the
final expression

u = —[coth (2’1) — M
M 2

, (D.1)

5 .
"iszﬁ D (qatt =) + (D2)

r
————q (1) .
- sinh(2pr 1)
In the continuum limit M — oc the q4(¢) becomes a continuous function of time

yielding

B
U= (éq—d) _Am - 1g” l/(C]d(l))pdf- (D.3)
t=0 2 2
0

ot

In the QP< phase at zero temperature in the large I regime we have gu(z) ~
exp(—tI') yielding u ~ —I' — 1/(2pI’). Note that the SA is only exact in the limit
p — oo where the energy is given by u = —1I".

It is also easy to check that in the SA the energy is simply given by

u= —g(qf; = (1 = m)g”) = Br*((sinh(T(x,2))/T(x.2))} , (D.4)

where the averages (..), ({(.)})) and T(x,z) where previously defined in Egs. (99),
(106) and (103), respectively.
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