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Abstract. A method based in the ¹ ln(t/q
0
) scaling is

proposed to obtain the energy barrier distribution of a
randomly oriented assembly of magnetic entities. It essen-
tially consists on performing the logarithmic time deriva-
tive of the master relaxation curve. The method has been
applied to two small particle systems and the obtained
distributions are in good agreement with the ones used to
fit the master curves to the magnetization decay of a sys-
tem following the Arrhenius law. The effect of the specific
shape of the distribution functions on the low temperature
behaviour of the relaxation rate and the possibility to
erroneously attribute this behaviour to non-thermal pro-
cesses is also discussed.

PACS: 75.40.Gb; 76.90#d; 75.50.M

I. Introduction

Most of the experimental studies on the temperature de-
pendence of the magnetic relaxation [1] are based on the
logarithmic approximation that consists on assuming that
at any given temperature the relaxation law M(t) is logar-
ithmic in time and then to obtain S, the magnetic viscosity,
at any given temperature, from the slope of this curve. The
main problem with this kind of analysis is that the relax-
ation curves at different temperatures for a given experi-
mental time window (typically from 10 to 104 s) are
a consequence of the relaxation of different parts of the
distribution function f (E) and thus they are not compara-
ble. The parameter S defined in this way is not valid to
characterize the time dependence of the magnetization of
the whole system at different temperatures. From the
¹ ln(t/q

0
) scaling approach, already proposed in [2], this

analysis is equivalent to extract S from the slope of the
master curve at different values of the reduced variable
¹ ln(t/q

0
) and to plot it as a function of ¹. From this

point of view it is clear that one can arrive to very different
conclusions from different master curves depending on

what is the underlying distribution function of energies.
These different behaviours are only a consequence of the
fact that at the same range of temperatures one is observ-
ing different regions of the energy distribution function.
Thus, when one wants to analyze the time dependence
of the magnetization, it is very important to avoid any
hypothesis about the nature of the energy barrier distribu-
tion function of the sample or about the specific depend-
ence of the relaxation law on time.

Consequently, for a good characterization of the dy-
namics of a magnetic system it is crucial to know what is
the energy barrier distribution. The most common
method was proposed long time ago by Bean and Living-
stone [3] and it is based in the critical volume approxima-
tion. It consists in performing the derivative of the ther-
moremanence normalized to saturation with respect to
temperature, which yields the distribution of blocking
temperatures that can be related to the energy barrier
distribution. This method has some disadvantages: in
many cases it is difficult to get magnetic saturation of the
sample because it requires the application of high mag-
netic fields, and the magnetic remanence is a time depen-
dent parameter which cannot be defined unambiguously.
By performing relaxation experiments at different fields
and introducing the concept of fluctuation field [4] or by
performing the derivative of the thermoremanence mag-
netization with respect to the magnetic field one can also
obtain the so-called switching field distribution (SFD) [5]
which is not directly comparable to the energy barrier
distribution function without any additional hypothesis
on the dependence of the energy barriers on the magnetic
field. Recently another approximation has been proposed
by B. Barbara and L. Gunther [6] based on the so-called
barrier plot which essentially maps out the volume and
field dependence of the energy barriers from the relaxation
curves. C.W. Hagen and R. Griessen [7] have also pro-
posed and inversion scheme to obtain the distribution of
energy barriers from viscosity experiments for thermally
activated flux motion in high-¹

c
superconductors based

on an analytic expression.
In this paper we propose a method based on the

¹ ln(t/q
0
) scaling which provides us a very useful tool



because not only it avoids any assumption about the
relaxation law but it allows one to obtain the distribution
function of energy barriers directly from the magnetiz-
ation relaxation curves.

The paper is organized as follows: in Sect. II we give
a theoretical approach to obtain the energy barrier distri-
bution from the magnetization decay comparing it with
numerical calculations, in Sect. III we present an experi-
mental application, and in Sect. IV we include some com-
ments about the model and the possible applications.

II. Energy barrier distribution
from the magnetization decay

The decay of the magnetization for an assembly of single-
domain particles with a distribution of energy barriers
f (E) that are overcome by thermal fluctuations according
to the Arrhenius law is given by [8]:

M(t)"
=
:
0

dEp(t,E ) f (E) (1)

where E is the energy barrier height and the function
p(t,E) is given, according to Neel’s theory [9], by:

p(t,E)"e~(t@q0)%91(~E@kBT ) (2)

where q
0

is the attempting characteristic time, typically of
the order of 10~8—10~12 s and k

B
is the Boltzmann

constant. As we have previously shown [2] the function
p(t,E) can be well approximated by the following expres-
sion (see Fig. 1):
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1
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2
are defined in Fig. 1 and r (E) is the straight

line given by:

r(E)"
1

e C
E

k
B
¹

#C1!ln
t

q
0
DD (4)

Fig. 1. The function p (t,E) defined by (2), at an arbitrary time and
temperature as a function of the energy barrier. The straight line
represents the approximation described by (3)

If we substitute (3) into (1) we obtain:

M(t)K
E*
2
(t,¹ )

:
E*
1
(t,¹ )

dE f (E) r(t, E)#
=
:
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dE f (E) (5)

from this last equation it is easy to deduce the logarithmic
time rate of change of the magnetization, usually called
magnetic viscosity, S(t):
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which can be reduced to:

S(t)K!

1

e
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2
(t,¹ )

:
E*
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dE f (E) (7)

In the critical volume approximation [10], where the
function p (t,E) is approximated by a step function
centered at the activation energy E

c
(t)"k

B
¹ ln(t/q

0
), the

equivalent expression to (7) is [6, 11]:

S(t)"!k
B
¹ f (E

c
(t,¹ )) (8)

Obviously (7) reduces to (8) if the width, j, of the function
p(t,E ) (j"E*

2
!E*

1
"ek

B
¹ ) is small enough to consider

the distribution function as a constant, approximately
equal to f (E

c
), in this interval. In fact, (8) can be viewed as

the first term of an expansion of S(t) obtained by expand-
ing f (E) about E"E

c
[12]. The result of this procedure is:

S(t)"k
B
¹ f (E

C
) [1#S(1)#S(2)#2] (9)

where S(n) is proportional to (k
B
¹/p)n, p being the

characteristic width of the energy barrier distribution.
Therefore, the corrections introduced by the S(n) terms can
be neglected at low temperatures. Therefore, the magnetic
viscosity maps the energy barrier distribution at enough
low temperatures for which the width j of the p(t, E)
function is small compared to the width of the energy
distribution.

In the scope of this model we have performed
calculations of the magnetization decay by numerical
integration of the logarithmic time derivative of (1), using
a logarithmic-linear distribution for f (E) [13] with dimen-
sionless width, p, and centered at the reduced value of
energy E

0
"1. From now on we will use reduced vari-

ables for temperature and time defined as ¹/¹
0

and t/q
0respectively, where ¹

0
"E

0
/k

B
. The results are shown in

Figs. 2 and 3, where S (t)/¹ is represented as a function of
the activation energy ¹ ln(t/q

0
) for different values of the

reduced temperatures and p"0.1 and 0.5 respectively,
together with the f (E) distribution used in the calcu-
lations. In the case of a narrow distribution (p"0.1),
good agreement between the calculated distribution and
f (E) is achieved at reduced temperatures of less than or
about 0.01 (which corresponds approximately to 0.25
times the reduced blocking temperature for an observa-
tional time window of about 100 s which in reduced units is
¹

B
"¹

0
/ln(t/q

0
)"0.04). While for a broad distribution
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Fig. 2. The magnetic viscosity of the calculated data by numerical
integration of the logarithmic time derivative of (1) with a logarith-
mic-linear distribution of energy barriers of dimensionless width,
p"0.1, plotted in a continuous line. The reduced temperatures
corresponding to each curve are as follows: 0.005, 0.02, 0.04, 0.06,
0.08, 0.1. The lowest reduced temperature corresponds to the highest
curve at the maximum

Fig. 3. Same as Fig. 2 but for p"0.5. The reduced temperatures
corresponding to each curve are: 0.01, 0.02, 0.06, 0.1

(p"0.5) the agreement is already achieved at higher
temperatures (about 0.05), as expected from the argument
given above.

In order to show the approach of S (¹ ln(t/q
0
))

to the actual distribution of energy barriers f (E) as the
temperature is decreased, we have also calculated numer-
ically the thermal dependence of S at different values of
the scaling variable E

c
. The results are shown in Figs.

4 and 5. From them it can be clearly seen that at least for
temperatures lower than the reduced blocking temper-
ature (ln¹

B
"!3.2) all the curves tend to the constant

value f (¹ ln(t/q
0
)), thus confirming the validity of our

hypothesis. Only in the low energy region there is an
appreciable departure of S (¹ ) from f (E). As E

c
ap-

proaches the high energy region the agreement is much
better because the exact dependence of M (t) is less in-
fluenced by the particular form of f (E). As p is increased
the approach of S (¹ ) to f (E) is obtained at higher temper-
atures.

Fig. 4. The magnetic viscosity as a function of the reduced temper-
ature for a constant value of the scaling variable E

c
as calculated in

Fig. 2 for p"0.1. Every curve corresponds to a different value of E
c
,

indicated at the left of each curve. The log scale of the ¹ axis has
been chosen for better observation of the behaviour at temperatures
below the blocking temperature

Fig. 5. Same as Fig. 4 but for p"0.5

III. Experimental verification

The experimental data used in this study correspond to
two different samples of small particles. The first one
(sample I) is a ferrofluid of Fe

3
O

4
dispersed in a hydrocar-

bon oil with average particle diameter ranging from 50 to
60 As . The second one (sample II) consists on FeC small
particles of average diameter of 36 As in stable dilution
with a hydrocarbon oil. The details of the magnetic
measuring procedure and preparation have been pub-
lished in [2] and references therein.

According to expression 9 the viscosity is a function of
the scaling variable ¹ ln(t/q

0
) and is proportional to ¹, so

if we plot S/¹ as a function of ¹ ln(t/q
0
) at low enough

temperatures, the resulting curve will be the energy distri-
bution function of the sample. Obviously, it is not possible
to obtain an experimental relaxation curve covering
enough time decades to map the whole energy barrier
distribution at any temperature. However, as already
shown in [2], the master curve can be used to obtain the
relaxation curve at the lowest measured temperature ex-
trapolated to experimentally unaccessible times. We have
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obtained S for the two samples by making the numerical
derivative of the respective master curves (see Figs. 8 and
9). The results are shown in Figs. 6 and 7. In Fig. 7 we also
show the derivative of the thermoremanence relative to
the saturation magnetization versus the temperature
(dM

r
/d¹ ) [14] which is known to be proportional to the

distribution function of blocking temperatures [15] and
consequently to the distribution function of energy bar-
riers. The results obtained by the two methods are in very
good agreement.

One way to check the self consistency of the method is
to compare f (E) as obtained from the viscosity with the
one obtained by fitting the master relaxation curve to (1)
assuming a logarithmic-linear distribution of energy bar-
riers. In [2] the corresponding values of p and ¹

0
for one

logarithmic-linear have already been obtained and they
are shown in the Table 1. The resulting distribution func-
tion is shown in Figs. 6 and 7 in dashed lines. One can see
that there is a very significant discrepancy between the

Fig. 6. Numerical derivative of the master curve with respect to the
scaling variable for sample I (open circles) and the energy distribu-
tion functions as obtained by fitting the master relaxation curve to
expression 1 assuming a single logarithmic-normal distribution
(dashed curve) and two logarithmic-normal distributions (10) with
parameters given in Table 1

Fig. 7. Same as Fig. 6, but for sample 2. The differential of the
thermoremanence relative to the saturation magnetization versus
the temperature is also shown in full circles for comparison

Table 1. Values of the parameters obtained by fitting the experi-
mental scaled curves to Eq. (1) with a logarithmic-linear distribution
of energy barriers and with the distribution of Eq. (10). The error in
the determination of the dimensionless parameters p is about 0.05
and the error in the parameters ¹

0
is about 50 K in all the cases

p ¹
0

p
1

p
2

¹
01

(K) ¹
02

(K) w

I 0.85 245 0.73 0.57 301 70 0.79
II 0.44 287 0.40 0.38 303 123 0.89

experimental points and the fitted logarithmic-linear dis-
tribution, especially in the low energy barrier region as has
been already pointed out in [2]. In fact, this discrepancy is
also reflected in Figs. 8 and 9 where we plot the experi-
mental master curves for the magnetization together with
the theoretical curve obtained from (1). At low temper-
atures (or short times) the experimental points lie above
the theoretical curve for both cases (see insets in Fig. 8 and
9), indicating that the measured magnetization decays
faster than the predicted by the model. A similar low
temperature behaviour has been also observed in a sample
consisting of an assembly of nanocrystalline Co-Ti doped
barium ferrite [16].

There are several possibilities to account for this dis-
crepancy which will be discussed in more detail in the next
section. However we will first focus on the most evident:
the existence of a larger amount of low energy barriers
than the considered by assuming a log-normal distribu-
tion (or other bell-shaped distribution functions). This
assumption would imply a faster relaxation rate at low
values of the activation energy as these are the first to be
overcome. This possibility is clearly suggested by the
shape of S (¹ ln(t/q

0
)), which always lies at higher values

than the logarithmic-linear distribution used to fit
M(¹ ln(t/q

0
)) (see Figs. 4 and 5). One way to incorporate

this fact into our model is to fit the experimental master
curves to (1) taking the distribution function to be the sum
of two logarithmic-linear distributions:

f (E)"
w

J2nEp
1

e

!1

2p2
1

ln2A
E

k
B
¹

01
B
#

(1!w)

J2nEp
2

e

!1

2p2
2

ln2A
E

k
B
¹

02
B

(10)

where the free parameters for the fitting were p
1
, p

2
, ¹

01
,

¹
02

and the weighting factor w, which is included to
account for the relative contribution of the lowest energy
barriers. The results of the fitting are shown in the
Figs. 8 and 9 for the master curves of sample I and II
respectively, together with the fit with only one logarithmic-
linear and the fitted values of the parameters are given in
the Table 1 where the values obtained by using only one
logarithmic-linear distribution, ¹

0
and p have also been

included. As one can see, the values of ¹
01

and p
1

corres-
ponding to the logarithmic-linear centered at higher en-
ergy barriers are only slightly changed with respect to
¹

0
and p, and the relative contribution of the second

logarithmic-linear is small (about 10 and 20%) and it is
centered at lower energy values. The obtained distribution
functions are plotted in Figs. 6 and 7 together with S (t) to
show that the election of (10) as f (E) is not an arbitrary
choice. Now, the experimental points for the viscosity
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Fig. 8. Master curve for relaxation data recorded from 2 to 39 K for
sample I. Dashed and solid lines correspond to the fits with one and
two logarithmic-normal distributions respectively. The inset details
the low values region of the scaling variable

Fig. 9. Same as Fig. 8, for sample II and temperatures ranging from
1.8 to 18 K

follow perfectly the shape of the distribution used to fit the
master curve, thus demonstrating the existence of low
energy barriers and that they are observable in the time
dependent behaviour of the magnetization. It is important
to note that probably the distribution given by (10) does
not represent the exact mathematical law of the actual
distribution. In fact, (10) is only a way to model the
experimental distribution using the most relevant terms of
a complete set of realistic bell-shaped functions.

IV. Comments

The most striking result related with the obtained energy
distribution functions is the observed enhanced relaxation
rate at low values of the scaling variable. As has already
been discussed, the simplest explanation is the existence of
a large amount of low energy barriers than the corres-
ponding to usual bell-shaped distributions. This fact can
arise simply from the presence of a large amount of very
small particles due for example to the preparation method
[17]. Another possibility is that the largest particles are
broken in magnetic domains for which the associated

energy barriers are smaller than the corresponding to
a monodomain particle. But perhaps a more realistic
explanation is related to the effects of the interaction
among the particles on the energy distribution. If the
relaxation experiments are performed from the field
cooled state (the state in which the spins tend to be
parallel aligned) to the zero field state, the dipolar interac-
tion will tend to arrange the spins in an antiparallel state
which clearly will diminish the anisotropy energy barriers.
The net effect of this phenomenon would be a suppression
of a part of the highest energy barriers increasing the
amount of the lowest ones.

One could think of another possible explanation
which would be the observation of non-thermal activated
processes: quantum tunnelling of the magnetization. But if
this was the case the ¹ ln(t/q

0
) scaling would not be

accomplished because one would fail to connect continu-
ously the relaxation curves below a certain temperature.
Then, at low temperatures, the master curve would break
into different segments because one would be multiplying
by a factor ¹ the corresponding relaxation curves and in
fact they would be temperature independent. As a conse-
quence, the scaling approach provides a very powerful
method to prove the existence of quantum tunnelling
effects as has already been noticed by E. Vincent et al.
[18]. On the other hand, the usual methods used to
observe macroscopic quantum tunnelling effects in differ-
ent magnetic systems [19] and superconductors [20] by
studying the thermal dependence of the rate of decay of
the magnetization (viscosity) have some drawbacks and
can lead to misinterpretations. In this experiments con-
stancy of S below the so called crossover temperature is
ascribed to quantum tunnelling dominated processes. We
would like to point out that the non-thermal dependence
of S can also arise in the context of purely thermally
activated models in several cases: in systems for which
there is a relevant contribution from the low energy bar-
riers distribution centered at values comparable to k

B
¹

.*/
,

where ¹
.*/

is the minimum measured temperature, (as it is
the case of sample I) if the magnetization decay is analyzed
according to the logarithmic approximation, one would
observe no variation of S below a certain temperature
within the experimental resolution (as is the case for
example of sample I, see Fig. 8). On the other hand, the
specific form of S(¹ ) depends crucially on the specific
dependence of f (E) on the energy as has been pointed out
by other authors [21]. In particular, an inverse depend-
ence on E ( f (E)a1/E) gives a constant viscosity at low
temperatures. Other dependencies can even give a non-
monotonous behaviour of S (¹ ) with an eventual increase
at low ¹ [22].

Finally, we would like to emphasize the usefulness of
the scaling method to analyze different properties from
magnetic relaxation. With this method it is possible to
obtain the relaxation curve corresponding to the lowest
measured temperature extended to completely experi-
mentally unaccessible range of times and therefore to
compare it with those obtained from theoretical predic-
tions. At the same time, it is also possible to obtain the
energy distribution function by simply performing the
time logarithmic derivative of the scaling curve, while
other commonly used methods require experimental
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measurements which are more difficult to obtain (mag-
netic saturation and remanence) or are based on different
aprioristic assumptions about the distribution function,
the time dependence of the relaxation or the field depend-
ence of the energy barriers.

Moreover the scaling method can be extended to more
general situations, for example the case for which there is
an applied magnetic field [22] or for a system for which
a distribution of anisotropy fields must be considered.
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