
Dynamics of water at low temperatures and

implications for biomolecules

P. Kumar1, G. Franzese2, S. V. Buldyrev3, and H. E. Stanley1

1 Center for Polymer Studies and Department of Physics, Boston University,
Boston, MA 02215 USA pradeep@buphy.bu.edu / hes@bu.edu

2 Departament de F́ısica Fonamental, Universitat de Barcelona, Diagonal 647,
Barcelona 08028, Spain gfranzese@ub.edu

3 Department of Physics, Yeshiva University, 500 West 185th Street, New York,
NY 10033 USA buldyrev@yu.edu

The biological relevance of water is a puzzle that has attracted much scien-
tific attention. Here we recall what is unusual about water and discuss the
possible implications of the unusual properties of water also known as water

anomalies in biological processes. We find the surprising results that some
anomalous properties of water, including results of a recent experiments on
hydrated biomolecules, are all consistent with the working hypothesis of the
presence of a first order phase transition between two liquids with differ-
ent densities at low temperatures and high pressures, which ends in a crit-
ical point. To elucidate the relation between dynamic and thermodynamic
anomalies, we investigate the presence of this liquid-liquid critical point in
several models. Using molecular dynamics simulations, we find a correlation
between the dynamic transition and the locus of specific heat maxima Cmax

P

(also known as Widom line) emanating from the critical point. We investigate
the relation between the dynamic transitions of biomolecules (lysozyme and
DNA) and the dynamic and thermodynamic properties of hydration water.
We find that the dynamic transition of the macromolecules, sometimes called
“protein glass transition” in case of proteins, occurs at the same temperature
where the dynamics of hydration water has a crossover, and also coincides
with the temperature of maximum of specific heat and the maximum of the
temperature derivative of the orientational order parameter. Since our sim-
ulations are consistent with the possibility that the protein glass transition
results from a change in the behavior of hydration water, specifically from
crossing the Widom line, we explore in more details the relation between the
dynamic crossover and the Widom line in a tractable model for water. We
find that the dynamic crossover can be fully explained as a consequence of
the thermodynamic and structural changes occurring at the Widom line of
water. We, therefore, argue that the so-called “glass transition” of hydrated
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proteins is just a consequence of the thermodynamic and structural changes
of the surrounding water.

1 Introduction

Water is one of the most ubiquitous liquids and perhaps the only one which
exists in all the three stable phases (liquids, solid and gas) at ambient condi-
tions in nature. Although the chemical composition of water is very simple,
the physical properties of water make it unique among the other substances.
Water has an unusually high boiling and melting point as well as a very high
liquid-gas critical temperature compared to the liquids belonging to the same
isoelectronic structure as water. Water is also rich in the number of crystal
stucture it forms at different temperatures and pressures. Indeed, more than
thirteen different crystals of water (ices) have been discovered.

Many living beings can survive without water only a few days. This is
because water participates in the majority of the biological processes [1], such
as the metabolism of nutrients catalysed by enzymes. In order to be effec-
tive, the enzymes need to be suspended in a solvent to adopt their active
three-dimensional structure. Another important role of water is that it al-
lows the processes of elimination of cellular metabolic residues. It is water
through which our cells can communicate and that oxygen and nutrients can
be brought to our tissues. Nevertheless, there is no clear reason why water
should have an essential role in biological processes.

What could make water more interesting compared to many other liquids
are the properties of water, also called anomalies of water. Due to its very
puzzling nature, water has been subject of intense studies for decades. One,
regarding the well known anomaly of the density maximum at 4◦ C, dates
backs to the seventeenth century. It is for this anomaly that ice floats on water
and fishes can survive in warm waters below a layer of ice at temperatures
well below 0◦ C.

In the following we will discuss the properties of water by, first, describing
some of its anomalies, then by presenting a working hypothesis and, next, by
testing it. In our discussion we will use different theoretical tools, including
computer simulations. The recent dramatic increase of computational power
makes it feasible to study the behaviour of water at long time scales using
computer models, and their quantitative and qualitative agreement with the
experiments been demonstrated by many studies over last few years.

1.1 Water anomalies at low temperatures

Pure water can been cooled well below the melting point without freezing.
Such a water is called supercooled liquid water. The supercooled liquid is
metastable and the free energy minimum state is the crystal state, i. e. it
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cannot last forever as a stable liquid phase, but, sooner or later, it will trans-
form into ice.

In the supercooled region most of the anomalous properties of water get
more enhanced. In Figure 1, we show a schematic representation of three differ-
ent response functions of water, namely the specific heat CP , the isothermal
compressibility κT , and the coefficient of thermal expansion αP , as a func-
tion of temperature T at atmospheric pressure. CP is a measure of enthalpy
fluctuation 〈(∆H)2〉, hence one would expect that it should decrease as the
temperature is decreased, however for the case of water it increases sharply
as the temperature is decreased. Similarly, since κT is the measure of volume
fluctuations 〈(∆V )2〉, it should decrease upon decreasing the temperature. In
the case of water, instead, it increases like CP and seems to diverge at low
temperatures in experiments [2]. Figure 1 (c) shows the behavior of αP and
since αP is the measure of cross fluctuations of volume and entropy 〈∆V ∆S〉,
it is positive for normal liquids. However, in the case of water it becomes
negative at the temperature of maximum density TMD at constant pressures,
suggesting that below TMD as the volume is increased the entropy decreases.
Like other response functions, αP also seems to diverge at low temperatures
in experiments. Dashed curves in Figure 1 are the schematic representations
of the behavior of normal liquids for a comparison. Since the experiments
on bulk liquid water can not be performed below the homogeneous nucle-
ation temperature TH ≈ −38◦, where the crystal formation is inevitable, it is
not possible to test the seeming divergence of response functions at low tem-
peratures. Later we will show, using computer simulations, that indeed the
response functions do not diverge but have a maxima at low temperatures.
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Fig. 1. Schematic representation of different response functions CP , κT and αP

of liquid water as a function of temperature T . The behavior of a normal liquid is
shown as dashed curves.

1.2 Interpretation of the anomalies

Over last few decades many experiments and computer simulations of water
have been performed and many hypotheses have been put forth to explain
these anomalies. Some of the hypotheses tested and proved wrong and some
of them are still under the scrutiny of careful experiments. There exist two
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scenarios, namely the singularity-free and liquid-liquid critical point scenario,
consistent with the experiments.

In the singularity-free interpretation [3, 4] the large increase of response
functions seen in the experiments represents only an apparent singularity, due
to local density fluctuations, with no real divergence. All the anomalies are
interpreted as a consequence of the negative volume-entropy cross fluctuations
[4].

Another hypothesis is the presence of a phase transition, in the region
of deep supercooled water, from high density liquid (HDL) water at high
temperature to low density liquid (LDL) water at low temperature. The hy-
pothesized first order transition line terminates at a critical point known as
liquid-liquid critical point of water. This liquid-liquid critical point in water
is estimated to be located at around pressure P ≈ 100 MPa and tempera-
ture T ≈ 220 K [5, 6]. However this hypothesized critical point lies below the
homogeneous nucleation temperature of water and hence no experiments on
bulk water can be performed to locate it as water spontaneously freezes.

Although this region can not be accessed in bulk water, recent experiments
on water confined in nanoscale geometries have made it possible to study liquid
water in this region, since confinement suppresses the crystallization. Exper-
iments on water confined in the pores of diameter of few nanometers, shed
light on the properties of water below the homogeneous nucleation tempera-
ture [7, 8]. Specifically it was found that on decreasing the temperature below
T ≈ 225 K, water shows a dramatic change in the behavior of the dynamics,
namely a crossover in the dynamic quantities such as the diffusion coefficient
or the correlation times at low T below T ≈ 225 K.

Although the origin of the crossover has different interpretations [9, 10],
the experimental evidences point to indicate that the change in the dynamics
is triggered by a local rearrangement of the hydrogen bond network [11].

Using molecular dynamics, in section 2 we provide evidences that this
behavior in the change of dynamics of bulk water at low T is consistent with
the LL-critical point hypothesis. Next, in section 3 we relate this dynamic
crossover for water with the “glass transition” in hydrated proteins suggesting
that the changes in the protein dynamics are a consequence of the change in
the behavior of the hydration water. Finally, by using a tractable water model,
we show in section 5 that the dynamic crossover can be explained by structural
and thermodynamic changes of water.

1.3 Widom line

By definition, in a first order phase transitions, thermodynamic state functions
such as density ρ and enthalpy H discontinuously change as we cool the system
along a path crossing the equilibrium coexistence line [Figure 2(a), path β]. In
a real experiment, this discontinuous change may not occur at the coexistence
line since a substance can remain in a supercooled metastable phase until a
limit of stability (a spinodal) is reached [12] [Figure 2(b), path β]. If the system
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is cooled isobarically along a path above the liquid-gas critical pressure Pc

[Figure 2(b), path α], the state functions continuously change from the values
characteristic of a high temperature phase (gas) to those characteristic of a
low temperature phase (liquid).

The thermodynamic response functions which are the derivatives of the
state functions with respect to temperature [e.g., isobaric heat capacity CP ≡
(∂H/∂T )P ] have maxima at temperatures denoted by Tmax(P ). Remarkably
these maxima are still prominent far above the critical pressure [17–21], and
the values of the response functions at Tmax(P ) (e.g., Cmax

P ) diverge as the
critical point is approached. The lines of the maxima for different response
functions asymptotically get closer to one another as the critical point is
approached, since all response functions become expressible in terms of the
correlation length. This asymptotic line is sometimes called the Widom line,
and is often regarded as an extension of the coexistence line into the one-phase
regime.

As we mentioned in the previous section, water’s anomalies have been hy-
pothesized to be related to the existence of a line of a first order liquid-liquid
phase transition terminating at a liquid-liquid critical point [5, 6, 12, 22], lo-
cated below the homogeneous nucleation line in the deep supercooled region
of the phase diagram—sometimes called the “no-man’s land” because it is
difficult to make direct measurements on the bulk liquid phase [6]. In super-
cooled water, the liquid-liquid coexistence line and the Widom line have neg-
ative slopes. Thus, if the system is cooled at constant pressure P0, computer
simulations suggest that for P0 < Pc [Figure 2(c), path α] experimentally-
measured quantities will change dramatically but continuously in the vicinity
of the Widom line (with huge fluctuations as measured by, e.g., CP ) from those
resembling the high density liquid (HDL) to those resembling the low density
liquid (LDL). For P0 > Pc [Figure 2(c), path β], experimentally-measured
quantities will change discontinuously if the coexistence line is actually seen.
However, the coexistence line can be difficult to detect in a pure system due
to metastability, and changes will occur only when the spinodal is approached
where the HDL phase is no longer stable. The changes in behavior may include
not only static quantities like response functions [17–21] but also dynamic
quantities like diffusivity.

In the case of water, a significant change in dynamical properties has been
suggested to take place in deeply supercooled states [2, 22–26]. Unlike other
network forming materials [27], water behaves as a non-Arrhenius liquid in
the experimentally accessible window [22, 28, 29]. A dynamics is Arrhenius if
the relaxation time is well described by

τ = τ0 exp

[

EA

kBT

]

, (1)

where τ0 is the relaxation time in the large-T limit, kB is the Boltzmann
constant, and EA is the T -independent activation energy. If EA depends on
T , the dynamics is non-Arrhenius .
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Fig. 2. (a) Schematic phase diagram for the critical region associated with a liquid-
gas critical point. Shown are the two features displaying mathematical singularities,
the critical point (closed circles) and the liquid-gas coexistence (bold dashed curve).
(b) Same as (a) with the addition of the gas-liquid spinodal and the Widom line.
Along the Widom line, thermodynamic response functions have extrema in their T
dependence. The path α denotes a path along which the Widom line is crossed. Path
β denotes a path meeting the coexistence line. (c) A hypothetical phase diagram for
water of possible relevance to the recent neutron scattering experiments by Chen
et al. [7, 13] on confined water. The liquid-liquid coexistence, which has a negative
sloped coexistence line, generates a Widom line which extends below the critical
point, suggesting that water may exhibit a dynamic crossover (non-Arrhenius-to-
Arrhenius) transition for P < Pc (path α), while no dynamic changes will occur
above the critical point (path β). (d) A sketch of the P − T phase diagram for the
two-scale Jagla model (see text). For the Jagla potential, as well as for the double-
step potential [14] and the shouldered potential [15, 16], the liquid-liquid phase
transition line has a positive slope. Upon cooling at constant pressure above the
critical point (path α), the liquid changes from a low density state (characterized by
a non-glassy Arrhenius dynamics) to a high density state (characterized by glassy
Arrhenius dynamics with much larger activation energy) as the path crosses the
Widom line. Upon cooling at constant pressure below the critical point (path β),
the liquid remains in the LDL phase as long as path β does not cross the LDL
spinodal line. Thus one does not expect any change in the dynamic behavior along
the path β, except upon approaching to glass transition at lower T , where one can
expect the non-Arrhenius behavior. From ref. [8]
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Based on analogies with other network forming liquids and with the ther-
modynamic properties of the amorphous forms of water, it has been suggested
that, at ambient pressure, liquid water should show a dynamic crossover from
non-Arrhenius behavior at high T to Arrhenius behavior at low T [24, 30–34].
Using Adam-Gibbs theory [35], the dynamic crossover in water was related
to the Cmax

P line [23, 36]. Also, a dynamic crossover has been associated with
the liquid-liquid phase transition in simulations of silicon and silica [37, 38].
Recently a dynamic crossover in confined water was studied experimentally
[7, 13, 39, 40] since nucleation can be avoided in confined geometries. Here, we
report the recent investigation of experiments on water [7, 13, 40] as arising
from the presence of the hypothesized liquid-liquid critical point, which gives
rise to a Widom line and an associated dynamics crossover [Figure 2(c) and
2(d), path α ].

2 Bulk water

Using molecular dynamics simulations [41], Xu et al. [8] studied three models,
each of which has a liquid-liquid critical point. Two of the models (the TIP5P
[42] and the ST2 [43]) treat water as a multiple site rigid body, interact-
ing via electrostatic site-site interactions complemented by a Lennard-Jones
potential. The third model is the spherical “two-scale” Jagla potential with
attractive and repulsive ramps which has been studied in the context of liquid-
liquid phase transitions and liquid anomalies [21, 31–33, 44, 45]. For all three
models, Xu et al. evaluated the loci of maxima of the relevant response func-
tions, compressibility and specific heat, which coincide close to the critical
point and give rise to the Widom line. They found evidence that, for all three
potentials, the dynamic crossover occurs just when the Widom line is crossed
(Figure 2).

These findings are consistent with the possibility that the observed dy-
namic crossover along path α is related to the behavior of CP , suggesting
that enthalpy or entropy fluctuations may have a strong influence on the dy-
namic properties [21, 23, 38]. Indeed, as the thermodynamic properties change
from the high-temperature side of the Widom line to the low-temperature side,
(∂S/∂T )P = CP /T > 0 implies that the entropy must decrease. The entropy
decrease is most pronounced at the Widom line when CP = Cmax

P . Since the
configurational part of the entropy, Sconf , makes the major contribution to S,
we expect that Sconf also decreases sharply on crossing the Widom line.

According to Adam-Gibbs theory [35], the diffusivity D changes as

D ∼ exp

[

−
A

TSconf

]

. (2)

Hence, we expect that D sharply decreases upon cooling at the Widom line.
If Sconf does not change appreciably with T , then the Adam-Gibbs equation
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Fig. 3. (a) Relevant part of the phase diagram for the TIP5P water potential,
showing the liquid-liquid critical point C at Pc = 320 MPa and Tc = 217 K, the line
of maximum of isobaric specific heat Cmax

P and the line of maximum of isothermal
compressibility Kmax

T . (b) D as a function of T for P = 100 MPa (path α). At
high temperatures, D behaves like that of a non-Arrhenius liquid and can be fit by
D ∼ (T − TMCT )γ (also shown in the inset) where TMCT = 220 K and γ = 1.942,
while at low temperatures the dynamic behavior changes to that of a liquid where
D is Arrhenius. (c) The same for the ST2 water potential. The liquid-liquid critical
point C is located at Pc = 246 MPa and Tc = 146 K. (d) D as a function of
T for P = 100 MPa (path α). At high temperatures, D behaves like that of a
non-Arrhenius liquid and can be fit by D ∼ (T − TMCT )γ (also shown in the inset)
where TMCT = 239 K and γ = 1.57, while at low temperatures the dynamic behavior
changes to that of a liquid where D is Arrhenius. (e) Phase diagram for the Jagla
potential in the vicinity of the liquid-liquid phase transition. Shown are the liquid-
liquid critical point C located at Pc = 0.24U0/a3 and Tc = 0.37U0/kB (where U0

is the atraction energy and a is molecular diameter of the Jagla model), the line of
isobaric specific heat maximum Cmax

P , the line of isothermal compressibility Kmax
T ,

and spinodal lines. (f) D as a function of T for P = 0.250U0/a3 (squares, path
α) and P = 0.225U0/a3 (triangles, path β). Along path α, one can see a sharp
crossover from the high temperature Arrhenius behavior D ≈ exp(−1.53/T ) with
lower activation energy to a low temperature Arrhenius behavior D ≈ exp(−6.3/T )
with high activation energy, which is a characteristic of the HDL. Along path β, there
is no sharp changes near the critical point, because the liquid remains in the LDL
phase. However, near the glass transition, LDL exhibits a non-Arrhenius behavior
characterized by the VFT fit at very low temperature. Adapeted from Ref. [8]
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predicts an Arrhenius behavior of D. For both water and the Jagla model,
crossing the Widom line is associated with the change in the behavior of the
diffusivity. (i) In the case of water, D changes from non-Arrhenius to Arrhenius
behavior, while the structural and thermodynamic properties change from
those resembling HDL to those resembling LDL, due to the negative slope
of the Widom line. (ii) For the Jagla potential, D changes from Arrhenius
to non-Arrhenius while the structural and thermodynamic properties change
from those resembling LDL to those resembling HDL, due to the positive slope
of the Widom line (Figure 3).

Thus these results for bulk water are consistent with the experimental
observation in confined water of (i) a dynamic crossover for P < Pc [7, 13],
and (ii) a peak in CP upon cooling water at atmospheric pressure [46], so this
work offers a plausible interpretation of the results of Ref. [7] as supporting
the existence of a hypothesized liquid-liquid critical point.

3 Hydrated biomolecules

Next we report about the hypothesis [47] that the so called “glass transition”
observed in hydrated biomolecules [48–62] is related to the dynamic crossover
described in the previous section. We use quotations for the expression “glass
transition” because both terms “glass” and “transition” are used in the liter-
ature with an extended meaning. In reality, they refers to a dynamic change
observed in hydrated biomolecules. We report here the study by Kumar et al.
[47] on the dynamic and thermodynamic behavior of lysozyme and DNA in
hydration TIP5P water, performed by means of the molecular dynamics soft-
ware package GROMACS [63] for (i) an orthorhombic form of hen egg-white
lysozyme [64] and (ii) a Dickerson dodecamer DNA [65] at constant pressure
P = 1 atm, several constant temperatures T , and constant number of water
molecules N (NPT ensemble).

The simulation results for the mean square fluctuations 〈x2〉 of both pro-
tein and DNA are shown in Figure 4. The mean square fluctuations 〈x2〉 of
the biomolecules is calculated from the equilibrated configurations, first for
each atom over 1 ns, and then averaged over the total number of atoms in the
biomolecule. Kumar et al. found that 〈x2〉 changes its functional form below
Tp ≈ 245 K, for both lysozyme [Figure 4(a)] and DNA [Figure 4(b)].

Kumar et. al., next calculated CP by numerical differentiation of the total
enthalpy of the system (protein and water) by fitting the simulation data
for enthalpy with a fifth order polynomial, and then taking the derivative
with respect to T . Figures 5(a) and 5(b) display maxima of CP (T ) at TW ≈
250 ± 10 K for both biomolecules.

Further, to describe the quantitative changes in structure of hydration
water, Kumar et al. calculated the local tetrahedral order parameter Q [66]
for hydration water surrounding lysozyme and DNA. Figures 5(c) and 5(d)
show that the rate of increase of Q has a maximum at 245±10 K for lysozyme
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Fig. 4. Mean square fluctuation of (a) lysozyme, and (b) DNA showing that there
is a transition around Tp ≈ 242 ± 10 K for lysozyme and around Tp ≈ 247 ± 10 K
for DNA. For very low T one would expect a linear increase of 〈x2〉 with T , as a
consequence of harmonic approximation for the motion of residues. At high T, the
motion becomes non-harmonic and is fitted by a polynomial. The dynamic crossover
temperature Tp is determined from the crossing of the linear fit for low T and the
polynomial fit for high T. The error bars is determined by changing the number of
data points in the two fitting ranges. From Ref. [47].

and DNA hydration water respectively; the same temperatures of the crossover
in the behavior of mean square fluctuations.

Upon cooling, the diffusivity of hydration water exhibits a dynamic
crossover from non-Arrhenius to Arrhenius behavior at the crossover tem-
perature T× ≈ 245 ± 10 K for lysozyme [Figure 5(e)] and T× ≈ 250 ± 10 K
for DNA [Figure 5(f)]. The coincidence of T× with Tp within the error bars
indicates that the behavior of the protein and the DNA is strongly coupled
with the behavior of the surrounding solvent, in agreement with recent ex-
periments on hydrated protein and DNA [48] which found the crossover in
side-chain fluctuations at Tp ≈ 225 K [48]. Note that T× is much higher than
the glass transition temperature, estimated for TIP5P as Tg = 215K [67].
Thus this crossover is not likely to be related to the glass transition in water.

The fact that Tp ≈ T× ≈ TW is evidence of the correlation between the
changes in protein fluctuations [Figure 4(a)] and the hydration water thermo-
dynamics [Figure 5(a)]. Thus these results are consistent with the possibility
that the protein “glass transition” is related to the Widom line. In the next
section we will explore with more details the relation between the thermo-
dynamics, structural properties and dynamics in the vicinity of the Widom
line. Here we observe that crossing the Widom line corresponds to a continu-
ous but rapid transition of the properties of water from those resembling the
properties of a local HDL structure for T > TW(P ) to those resembling the
properties of a local LDL structure for T < TW(P ) [7, 8, 47]. A consequence
is the expectation that the fluctuations of the protein residues in predomi-
nantly LDL-like water (more ordered and more rigid) just below the Widom
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Fig. 5. The specific heat of the combined system (a) lysozyme and water, and (b)
DNA and water, display maxima at 250 ± 10 K and 250 ± 12 K respectively, which
are coincident within the error bars with the temperature Tp where the crossover in
the behavior of 〈x2〉 is observed in Figure 4. Derivative with respect to temperature
of the local tetrahedral order parameter Q for (c) lysozyme and (d) DNA hydration
water. A maximum in |dQ/dT | at Widom line temperature suggests that the rate
of change of local tetrahedrality of hydration water has a maximum at the Widom
line. Diffusion constant of hydration water surrounding (e) lysozyme, and (f) DNA
shows a dynamic transition from a power law behavior to an Arrhenius behavior at
T× ≈ 245 ± 10 K for lysozyme and T× ≈ 250 ± 10 K for DNA, around the same
temperatures where the behavior of 〈x2〉 has a crossover, and CP and |dQ/dT | have
maxima. From Ref. [47].
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line should be smaller than the fluctuations in predominantly HDL-like water
(less ordered and less rigid) just above the Widom line.

The quantitative agreement of the results for both DNA and lysozyme
[Figures 4 and 5] suggests that it is indeed the changes in the properties of
hydration water that are responsible for the changes in dynamics of the protein
and DNA biomolecules. All the results suggest that these changes occur at
the Widom line.

4 Other evidences of changes at the Widom line

In the previous section we concentrated on reviewing the evidence for changes
in dynamic transport properties, such as diffusion constant and relaxation
time upon crossing the Widom line. In addition, a series of other phenom-
ena has been observed in computer simulations and experiments around the
Widom line:

• A sharp breakdown of Stokes-Einstein relation and a data collapse if T is
replaced by T − TW [68–70].

• The appearance of a “boson peak” on cooling below the Widom line [68].
• The occurrence of a new transport mechanism below the Widom line,

showing “dynamic heterogeneities” [68–70].
• A dynamic crossover in the relaxation time for Q fluctuations below the

Widom line [71].
• Structural changes in g(r) and its Fourier transform S(q) [72].
• A sharp drop in T derivative of zero-frequency structure factor.

It is possible that all these phenomena that appear on crossing the Widom
line are in fact not coincidences, but are related to the changes in local struc-
ture occurring when the system goes from the HDL-like side to the LDL-like
side of the Widom line. To understand better this possibility we report an
investigation [73] of a tractable model, in which the simulations can be com-
plemented with analytic calculations. In Ref. [73], indeed, it has been found an
explicit relation between the thermodynamics and the dynamics that allows
to calculate the crossover directly from thermodynamics quantities. Since the
crossover appears to be related only to the properties of water, the authors
focus on the behavior of bulk water to reduce the complexity of the analysis.

5 Relation between thermodynamics and dynamics

In Ref. [73], Kumar et al. propose and verify a relation between dynamics and
thermodynamics that shows how the crossovers described in previous sections
are a direct consequence of the structural change at the temperature of the
specific heat maximum T (Cmax

P ). They adopt a tractable model for water [74–
77] and express the relevant free energy barrier for the local rearrangement of
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the molecules in terms of the probability pB of forming bonds. By mean field
calculations and Monte Carlo simulations they find that the variation of pB is
the largest at T (Cmax

P ). If the phase diagram displays a liquid-liquid critical
point, T (Cmax

P ) coincides with TW (P ), the Widom line. On approaching the
maximum pressure Pmax

W along TW (P ), the crossover changes from sharp, as
in water at ambient P [7], to smooth, a result that is explained in terms of
the P -dependence of the free energy barrier.

We consider a cell model that reproduces the fluid phase diagram of water
and other tetrahedral network forming liquids [74–77]. For sake of clarity,
we focus on water to explain the motivation of the model. The model is
based on the experimental observations that on decreasing P at constant
T , or on decreasing T at constant P , (i) water displays an increasing local
tetrahedrality [78, 79], (ii) the volume per molecule increases at sufficiently
low P or T , and (iii) the O-O-O angular correlation increases [80], consistent
with simulations [81, 82].

The system is divided into cells i ∈ [1, . . . , N ] on a regular square lattice,
each containing a molecule with volume v ≡ V/N , where V ≥ Nv0 is the total
volume of the system, and v0 is the hard-core volume of one molecule. The
cell volume v is a continuous variable that gives the mean distance r ≡ v1/d

between molecules in d dimensions. The van der Waals attraction between
the molecules is represented by a truncated Lennard-Jones potential with
characteristic energy ǫ > 0

U(r) ≡

{

∞ for r ≤ R0

ǫ
[

(

R0

r

)12
−

(

R0

r

)6
]

for r > R0 ,
(3)

where R0 ≡ v
1/d
0 is the hard-core distance [74–77].

Each molecule i has four bond indices σij ∈ [1, . . . , q], corresponding to
the nearest-neighbor cells j. When two nearest-neighbor molecules have the
facing σij and σji in the same relative orientation, they decrease the energy
by a constant J , with 0 < J < ǫ, and form a (non-bifurcated) hydrogen bond.
The choice J < ǫ guarantees that bonds are formed only in the liquid phase.
The bond interaction is accounted for by a term in the Hamiltonian

HB ≡ −J
∑

〈i,j〉

δσijσji
, (4)

where the sum is over nearest-neighbor cells, and δa,b = 1 if a = b and δa,b = 0
otherwise. For water at high P and T a more dense, collapsed and distorted,
local structure with bifurcated hydrogen bonds is consistent with the exper-
iments. Bifurcated hydrogen bonds decrease the strength of the network and
favor the hydrogen bond breaking and re-formation. The model simplifies
the situation by assuming that (a) only non-bifurcated, i.e. normal, hydrogen
bond decrease the energy of the system and (b) the local density changes as
function of the number of normal hydrogen bonds, consistent with the obser-
vation [80] that at low P and T there is a better separation between the first
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neighbors and the second neighbors, favoring normal hydrogen bonds and the
tetrahedral order.

The density decrease for T < TMD(P ), the temperature of maximum den-
sity, is represented by an average increase of the molar volume due to a more
structured network. If the total volume increases by an amount vB > 0 for
each bond formed [4, 74–77], then the molar volume is

v = v′ + 2pBvB, (5)

where v′ is the molar volume without taking into account the bond and pB

is the probability of forming a bond. The increase of the angular molecular
correlation is modeled by introducing an intramolecular (IM) interaction of
energy 0 < Jσ < J ,

HIM ≡ −Jσ

∑

i

∑

(k,ℓ)i

δσikσiℓ
, (6)

where
∑

(k,ℓ)i
denotes the sum over the bond indices of the molecule i.

The total energy of the system is the sum of Eqs. (3), (4) and (6). They
perform mean field calculations and Monte Carlo simulations in the NPT
ensemble [74–77] for a system with J/ǫ = 0.5, Jσ/ǫ = 0.05, vB/v0 = 0.5,
q = 6. The study of two square lattices with 900 and 3600 cells shows no
appreciable size effects. Below the TMD line, in the supercooled region, the
model displays a first-order phase transition between a LDL at low P and
T and a HDL at high P and T along a line terminating in the liquid-liquid
critical point C′ [74–77] [Fig. 6(a)]. For Jσ → 0, C′ moves toward T = 0 [83]
suggesting that the singularity free scenario is a limiting case of the liquid-
liquid critical point scenario [83]. For Jσ > 0, Pmax

W coincides with PC′ , while
for Jσ = 0 it is a point on the T = 0 axis [83].

Kumar et al. find that different response functions such as CP , αP [Fig-
ure 6(b) and 6(c)] show maxima and these maxima increase and seem to
diverge as the critical pressure is approached, consistent with the picture of
Widom line that we discussed for other water models in the sections above.
Moreover, the temperature derivative of the probability of forming hydrogen
bonds dpB/dT displays a maximum in the same region where the other ther-
modynamic response functions have maxima, suggesting that the fluctuations
in the pB is maximum at the Widom line temperature TW (P ) [Figure 6(d)].

To further test if this model system also displays a dynamic crossover
as found in the other models of water, the total spin relaxation time of the
system as a function of T for different pressures is studied. The results show
that the liquid is more non-Arrhenius for increasing P [Figure 7(a)]. For P = 0
[Fig. 7(b)] by decreasing T there is a crossover from Arrhenius to the Vogel-
Fulcher-Tamman (VFT) function

τVFT = τVFT
0 exp

[

T1

T − T0

]

, (7)
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Fig. 6. (a) Phase diagram below TMD line shows that |dpB/dT |max (3) coincides
with the Widom line TW (P ) (solid line) within error bars: C′ is the HDL-LDL critical
point, end of first-order phase transition line (thick line) [74–77]; symbols are maxima
for N = 3600 of |αP |max (©), Cmax

P (2), and |dpB/dT |max (3); upper and lower
dashed line are quadratic fits of |αP |max and Cmax

P , respectively, consistent with
C′; |αP |max and Cmax

P are consistent within error bars. Maxima are estimated from
panels (b), (c) and (d), where each quantity is shown as functions of T for different
P < PC′ . In (d) |dpB/dT |max is the numerical derivative of pB from simulations.
From Ref. [73].

where τVFT
0 , T1 and T0 are all fitting parameters. At lower temperatures there

is another crossover from VFT back to Arrhenius. The Arrhenius activation
energy at low T is higher than that at high T , consistent with experiments at
ambient P for both bulk water [30, 84] and confined water [7, 39].

As the pressure is increased towards the critical pressure PC of the system,
this dynamic crossover in τ at low T gets smoother [Figure 7(c)] suggesting
that the dynamics of water will be more non-Arrhenius as the critical point
is approached.

For all P the crossover occurs at TW (P ) within the error bars [Fig. 7(c)],
confirming the idea proposed on the base of simulations of detailed models for
water reported in the previous sections [8, 47]. We observe that the low-T be-
havior is characterized by an activation energy—the slope in Fig. 7(c)—that
decreases for increasing P , as in experiments for confined water [7], and that
the time needed to reach the maximum correlation length is almost indepen-
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Fig. 7. (a) Angell plot of logarithm of relaxation time τ as a function of Tg/T
shows a large difference between Pv0/ǫ = 0 and 0.6; Tg is defined in such a way
that τ (Tg) = 106 MC steps ∼ 107 ps [26]; for Pv0/ǫ = 0.6 (3) the τ can be
described as a VFT function Eq. (7) (curved line), while for P = 0 (©) as an
Arrhenius function (straight line). Note that the data for Pv0/ǫ = 0.6 extends
only down to temperatures where the system has non-Arrhenius dynamics. This
suggests that the system becomes increasingly non-Arrhenius as the pressure is
increased. (b) A detailed observation at P = 0 shows three regimes: Arrhenius at low
Tg/T with low activation energy (slope of dash-dot line), non-Arrhenius (VFT, dash
line) at intermediate T , and again Arrhenius at high Tg/T with higher activation
energy (slope of solid line) as in experiments on water. (c) At 0 ≤ Pv0/ǫ ≤ 0.4
the Arrhenius crossover occurs at T consistent with TW (P ) (large ©#); the error on
TW (P ) is approximately equal to symbol size; thick and thin lines represent VFT
and Arrhenius fits. (d) Dynamic crossover for the singularity free (SF) scenario,
with crossover temperature at T (Cmax

P ). Solid and dashed lines represent Arrhenius
and non-Arrhenius fits, respectively. Notice that the dynamic crossover occurs at
approximately the same value of τ for all seven values of pressure studied, as in
panel (c).
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dent of the position along TW (P ), being log τ(TW ) ≃ 1.5MC steps ≃ 15 ps
[26] for any P . For completeness we study the system also in the case of sin-

gularity free scenario, corresponding to Jσ = 0. For Jσ = 0 the crossover is
at T (Cmax

P ), the temperature of Cmax
P [Fig. 7(d)]. Kumar et al. next calcu-

late the Arrhenius activation energy EA(P ) from the low-T slope of log τ vs.
1/T [Fig. 8(a)]. They extrapolate the temperature TA(P ) at which τ reaches a
fixed macroscopic time τA ≥ τC. We choose τA = 1014 MC steps > 100 sec [26]
[Fig. 8(b)]. We find that EA(P ) and TA(P ) decrease upon increasing P in both
scenarios, providing no distinction between the two interpretations. Instead,
we find a dramatic difference in the P dependence of the quantity EA/(kBTA)
in the two scenarios, increasing for the liquid-liquid critical point scenario and
approximately constant for the singularity free scenario [Fig. 8(c)].
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Fig. 8. Effect of pressure on the activation energy EA. (a) Demonstration that EA

decreases linearly for increasing P for both the liquid-liquid critical point (LLCP)
and the singularity free (SF) scenarios. The lines are linear fits to the simulation
results (symbols). (b) TA, defined such that τ (TA) = 1014 MC steps > 100 sec
[26], decreases linearly with P for both scenarios. (c) P dependence of the quantity
EA/(kBTA) is different in the two scenarios. In the LLCP scenario, EA/(kBTA)
increases with increasing P , and it is approximately constant in the SF scenario.
The lines are guides to the eyes. (d) Demonstration that the same behavior is found
using the mean field approximation. In all the panels, where not shown, the error
bars are smaller than the symbol sizes.

To better understand their findings, Kumar et al. [73] develope an expres-
sion for τ in terms of thermodynamic quantities, which allows to explicitly
calculate EA/(kBTA) for both scenarios. For any activated process, in which
the relaxation from an initial state to a final state passes through an excited
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transition state, ln(τ/τ0) = ∆(U +PV −TS)/(kBT ), where ∆(U +PV −TS)
is the difference in free energy between the transition state and the initial
state. Consistent with results from simulations and experiments [85, 86], Ku-
mar et al. propose that at low T the mechanism to relax from a less structured
state (lower tetrahedral order) to a more structured state (higher tetrahedral
order) corresponds to the breaking of a bond and the simultaneous molecular
reorientation for the formation of a new bond. The transition state is repre-
sented by the molecule with a broken bond and more tetrahedral IM order.
Hence,

∆(U + PV − TS) = JpB − JσpIM − PvB − T∆S, (8)

where pB and pIM, the probability of a satisfied IM interaction, can be directly
calculated. To estimate ∆S, the increase of entropy due to the breaking of a
bond, they use the mean field expression ∆S = kB[ln(2NpB)− ln(1 + 2N(1−
pB))]p̄B, where p̄B is the average value of pB above and below TW (P ).

They next test that the expression of ln(τ/τ0), in terms of ∆S and Eq.(8),

ln
τ

τ0
=

JpB − JσpIM − PvB

kBT
− p̄B ln

2NpB

1 + 2N(1 − pB)
(9)

describes the simulations well, with minor corrections at high T . Here τ0 ≡
τ0(P ) is a free fitting parameter equal to the relaxation time for T → ∞. From
Eq.(9) they find that the ratio EA/(kBTA) calculated at low T increases with
P for Jσ/ǫ = 0.05, while it is constant for Jσ = 0, as from their simulations
[Fig. 8(d)].

6 Conclusions

Recent experiments at very low temperatures, below the crystal homogeneous
nucleation temperature of bulk water, have revealed the relation between the
dynamics of water and that of proteins or DNA [47, 48]. The experiments on
hydration water, as well as confined water [7, 39, 40, 87], and the correspond-
ing simulations [8, 47], find a change in the water relaxation dynamics that
suggests a crossover from a non-Arrhenius dynamics at higher T to Arrhenius
dynamics at very low T [8], as predicted for bulk water [30].

The simulations show that the dynamics becomes Arrhenius when the liq-
uid is cooled isobarically below the temperature of maximum specific heat
T (Cmax

P ) and that water is more tetrahedral for T < T (Cmax
P ) [47]. In one

possible interpretation of the anomalous properties of water, T (Cmax
P ) coin-

cides with the Widom line emanating from a hypothesized liquid-liquid critical
point C′ [6], the terminus of a liquid-liquid phase transition line that separates
a low-density liquid and a high-density liquid.

Based on the study of the probability pB of forming a Hydrogen bond,
we have seen that it is possible to show [73] how the crossover at T (Cmax

P ) is
a consequence of a local relaxation process associated with breaking a bond
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and reorienting the molecule. The investigation reported here allow to find
the relation between dynamics and thermodynamics in terms of the relevant
activation barrier [73]. The crossover at T (Cmax

P ) is regulated by Eq.(9), as
a consequence of a local breaking of a bond and simultaneous molecular re-
orientation to increase the structural order. This is consistent with what is
observed in SPC/E water [85] and with recent experimental conclusions [9]. In
Ref. [73] it has been found the expression for the relevant free energy barrier
[Eq.(8)] and how it depends on pressure. The barrier rapidly increases with
1/T above T (Cmax

P ), while has only a weak dependence on T below T (Cmax
P ),

giving rise to the crossover.
In conclusion, the investigations reported here show that the dynamics of

water at low temperature is a consequence of the structural changes of the
network formed by the hydrogen bonds. Our results suggest that the change
in the dynamic behavior of water around the line of maxima of specific heat
could be the cause of the so called “glass transition” in hydrated proteins or
DNA. Hence the dynamics of biomolecules turns out to be dominated by the
changes in the hydration water.
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