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Chaos and unpredictability in evolutionary dynamics in discrete time
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Cooperative behaviours are commonly observed in na-
ture. However, explaining their origin is not a trivial
task, and game theory provides a useful framework to
shed light on such phenomenon. The starting point is a
so called 2×2 game, in which two individuals, or players,
can adopt one of two possible strategies (usually coop-
eration, C, and defection, D), and earn a payoff Π ac-
cording to the strategy chosen by both. Subsequently, a
great deal of individuals playing 2× 2 among themselves
are taken into consideration. The first step is to study
such population in the mean-field approximation (”well-
mixed”case). In this case the dynamics is often ruled by
the replicator equation1

ẋ = x · (ΠC − Π̄) , (1)

where x = x(t) is the density of cooperators at time
t and ΠC the average payoff of a cooperator (possibly
function of t, too), while Π̄ is the average payoff of the
entire population. Of course, the defector density y is
easily given by the relation x + y = 1. According to the
details of the game, that is, to the values of the payoff
parameters, the dynamical behaviour of the system will
be different.

Let us consider for example a well-mixed population of
individuals playing the Prisoner’s Dilemma Game (PDG)
among themselves. In a PDG played by only two play-
ers the rational choice for both is the defection, even
though the highest joint payoff would be obtained with
mutual cooperation (technically speaking, the Nash equi-
librium of the PDG is not a Pareto optimum). Now,
equation (1) predicts that a population of PDG players
evolves towards an all-defectors final state. Analogously,
if the game by which indivuduals interact is the Har-
mony Game (HG, whose equilibrium in the 2 × 2 case
is mutual cooperation), the population will end up in
the all-cooperators configuration, and so on with all the
possible 2 × 2 games. In general, the dynamics given
by the replicator equation is deterministic and perfectly
predictable. Nevertheless, it must be noticed that in na-
ture there are species which reproduce in discrete-time
path: every new generation replaces the previous one,
that is, all the old individuals die before their offspring
reproduce on its turn2. In this case, it is better to take
into consideration a discretized version of the differential
equation (1), where the variable t is an integer instead of
a real number.

In the present work, we focus on the map derived by
the direct discretization of the replicator equation, which
then assumes the form

xN+1 = xN · (ΠC − Π̄) + xN N ∈ N . (2)

This map returns the same well determined results of
its continuous version only for a restricted set of the val-
ues of the parameters, which coincides with the set usu-
ally studied by researchers until now3. In fact, for differ-
ent values of the parameters we have found distinct and
somehow exotic results: in particular, the system does
not end up in the frozen configuration provided by the
replicator equation, but in periodic orbits around such
solution. Moreover, for other values of the parameters,
the system becomes chaotic, so that its behaviour is to-
tally unpredictable.

In this work we present evidence supporting those phe-
nomena (see for instance FIG. 1), characterize the regions
on which they are observed and the implications for the
corresponding games, and analyse the implications for
the very debated issue of the evolution (and possibly the
emergence and stability) of the cooperation in real sys-
tems.
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Figura 1. Lyapunov exponent for a well-mixed population
following the discrete dynamics of eq. (2). According to the
value of the parameter A, the individuals interact by Battle
of Sex (BoS), HG or Stug Hunt (SH) games. Independently
of the details of such games, it can be seen how the dynamics
turns chaotic (positive Lyapunov exponent) for A <∼ −1.6 and
A >∼ 6, (it never happens in the continuous case).
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