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Master equations are a convenient tool to treat
stochastic Markov processes1,2. In some cases, they of-
fer an alternative approach to the Chapman-Kolmogorov
equation and have been used extensively in discrete-
jumps, or birth-death, processes, such as chemical re-
actions (including those happening inside a cell), pop-
ulation dynamics or other ecology problems3, opin-
ion formation and cultural transmission in the field of
sociophysics4, etc. In all these cases, it is important to
consider that the population number (whether molecules,
individuals, agents, etc.) might not be very large (maybe
ranging in the tens or hundreds) and the fluctuations,
whose relative magnitude typically scales as the square
root of the inverse of this number, can not be considered
as negligible. It is therefore, of the greatest importance to
derive evolution equations for the average behavior and
the fluctuations. The important work by van Kampen1

offers a systematic way of deriving these equations from
an expansion of the master equation in a parameter Ω,
typically the system volume. The Ω-expansion is mostly
used in its lowest order form, in which one can prove that
the error in the average value, the second moment and
the fluctuations (the variance), scale at most as Ω0, Ω1

and Ω1/2, respectively. The van Kampen Ω-expansion,
furthermore, shows that, at this lowest order, the fluc-
tuations follow a Gaussian distribution. We take this
result of van Kampen’s theory and, considering from the
very beginning that fluctuations are Gaussian, we derive
a closed system of equations for the average value and
the second moment5. This Gaussian closure of the hi-
erarchy of moments turns out to be more accurate than
the Ω-expansion as the above-mentioned errors scale at
most as Ω−1/2, Ω1/2 and Ω1/2, respectively. Furthermore,
the Gaussian closure scheme is very simple to carry on
in practice and can be easily generalized to systems de-
scribed by more than one variable. Therefore, the Gaus-
sian approximation is more accurate, which turns out to
be important, specially for small values of Ω. This scal-
ing of the errors is valid for all times provided that the
macroscopic law has a fixed point as a single attractor1.
In both schemes the validity of the approximations might
be limited for large times when there is more than one ab-
sorbing state, or a single one different from the attractor

of the macroscopic law, since in those cases the distribu-
tion eventually approaches a sum of delta-functions. We
have checked these results by comparing the performance
of the two methods in three examples: (i) a binary chem-
ical reaction A + B
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C, (ii) an autocatalytic reaction
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−→ B and (iii) a recently introduced model6

in which the process of opinion formation in a society
considers two main parties, A and B, plus an intermedi-
ate group of undecided agents I; the supporters of A and
B do not interact among them, but only through their in-
teraction with the group I, convincing one of its members
with a given probability. In all cases studied, the Gaus-
sian closure has given a better approximation to the aver-
age and the second moment, although the Ω-expansion,
due to a cancellation of errors, yields a somehow smaller
numerical error in the variance. In general, and com-
pared to other field-theoretical methods available in the
litrature7,8, the Gaussian closure scheme is very simple to
carry on in practice and this simplicity and the improve-
ment of the predictive power is more apparent in many-
variable systems. We believe that this method can be
usefully applied to the study of other problems of recent
interest in the literature involving stochastic processes in
systems with a small number of particles.
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