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Unified paradigm for interface dynamics
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In this work we develop a common theoretical frame-
work for the dynamics of thin featureless interfaces.
Phase field models have been applied with success to de-
scribe the dynamics of various nonrelativistic systems of
featureless interfaces, including foams and grain growth.
In the simplest cases with nonconserved order parame-
ters cellular patterns bounded by an interface network
tend to evolve toward configurations with less interfacial
energy (or equivalently, less surface area). In these sys-
tems the velocity is proportional to the mean curvature
of the interface at each point. This is the crucial ingre-
dient behind von Neumann’s law for the evolution of the
area of individual domains in two-dimensional interface
networks with (free) Y-type junctions: dan/dt ∝ (n− 6),
where an is the area of a domain with n edges. If the in-
terfaces have a finite width, von Neumann’s law may not
apply to individual domains but is reasonably obeyed on
average. Also extended versions of von Neumann’s law
exist in three dimensions. Other laws, such as Lewis’s law
and Aboav’s law have also been used in the characteri-
zation of classical patterns. In this work we shall focus
on von Neumann’s law which is more directly relevant
for the evolution of an interface network. On the oth-
er hand, the dynamics of relativistic interface networks,
considering various possible types of defect junctions, has
been studied in detail in a cosmological context, where
domain walls have been proposed in the past as an inter-
esting dark energy candidate. However a large and ac-
curate sets of field theory numerical simulations in com-
bination with semi-analytical analysis have been used by
the present authors to provide very strong evidence for a
no-frustration conjecture, which invalidates domain walls
as a viable dark energy candidate.

Figura 1. Two-dimensional simulation snapshots of rela-
tivistic and non-relativistic interface networks with similar
characteristic lengths.

The main aim of this work is the development of a uni-
fied theoretical paradigm for interface dynamics which
includes both relativistic and nonrelativistic systems in
a unified framework. We set up a velocity-dependent
onescale (VOS) model and use it to describe the evo-
lution of the characteristic length and velocity of thin,
featureless interface networks both in the relativistic and
nonrelativistic limits. We show that the same models
which describe the dynamics of cosmic relativistic inter-
faces also account, in a friction dominated regime, for the
dynamics of cellular patterns in many material systems,
such as soap froths, lipid monolayers, and other material
systems. We further show that a statistical version of von
Neumann’s law applies in the case of scaling relativistic
interface networks, implying that, although relativistic
and nonrelativistic interfaces have very different dynam-
ics, a single simulation snapshot is not able to clearly
distinguish the two regimes. We highlight that crucial
information is contained in the probability distribution
function for the number of edges of domains bounded by
the interface network and explain why laboratory tests
with nonrelativistic interfaces can be used to rule out
cosmological domain walls as a significant dark energy
source.
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