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When a fluid of negligible viscosity displaces a more
viscous one an instability develops at their interface.
This problem has been originally studied by Saffman and
Taylor1 in a Hele-Shaw cell. In this set-up, the two flu-
ids obey Darcy’s law and the interfacial instability can
create either a stable finger or a pattern of unstable frac-
tal structures. Here, we consider only the case when the
Saffman-Taylor finger develops.

Saffman and Taylor solved this problem in case of neg-
ligible surface tension, γ, finding that every finger of
width λ is an admissible solution of the problem. Later
on, McLean and Saffman2 showed that, introducing γ as
model parameter, only one finger is selected and its width
is a monotonous increasing function of the rescaled sur-
face tension γ̄ ∼ γ(vµ)−1 (where µ is the viscosity of the
displaced fluid and v is the finger velocity). Moreover,
λ = 1/2 is the minimum of this function, such that for
γ̄ = 0 the finger invades half of the cell.

The mathematical generalization of the Saffman-
Taylor problem to three spatial dimensions is straight-
forward but, nevertheless, it has not been widely stud-
ied. Only recently, Levine and Tu3 solved numerically the
problem in the axisymmetric tube geometry. Employing
a boundary integral method, they found several solution
branches merging for positive values of the rescaled sur-
face tension parameter γ̄ (of the order of 10−3). Unlike
the two dimensional case, it seems that for this geome-
try does not exists any axisymmetric solution below this
threshold.

Motivated by this result, we have developed a phase-

field model of two viscous flows to investigate the dy-
namics of the three dimensional Saffman-Taylor problem
in the regime of small surface tension. Our numerical
method allows us to simulate the dynamics of the finger
for fluids with arbitrary viscosity contrast and for a wide
range of γ̄.

We have performed full three dimensional simulations
in a channel with square section and two dimension-
al axisymmetric simulations in the tube geometry. For
these two cases we observe that the growing finger under-
goes a Plateau-Rayleigh instability leading to pinch-off at
the finger tail. In fact, according to the Young-Laplace
equation, when a three dimensional fluid stream falls,
the pressure due to surface tension increases for decreas-
ing stream radius. This mechanism leads to the stream
breaks up into droplets of same volume but smaller sur-
face area.

Moreover, through the linear stability analysis of the
tube solution in the axisymmetric geometry, we show
that the solutions found in3 are unstable for any value
of the surface tension. Our phase-field model reproduces
accurately this linear prediction and allows to study the
influence of the finger tip on the pinch-off velocity.
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