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Nonlocality-induced front interaction enhancement
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The evolution in space and time of a field is classical-
ly written in terms of Partial Differential Equations, like
the heat equation, being the spatial interaction written
in terms of some derivative of the relevant field, a local
quantity. More recently considerable effort has been de-
voted to the study of evolution equations in which spatial
interaction is nonlocal, in the form of an integral over an
spatial domain1–3. Nonlocal interaction terms can ap-
pear in Physics and other fields when long-range inter-
action terms are considered, also as the result of using
approximations in reaction-diffusion descriptions and al-
so due to density-dependent effects in biological and eco-
logical systems.

We study4 a prototypical spatially extended system
with two equivalent states connected by monotonic
fronts, the 1-D real Ginzburg-Landau equation, with an
added spatially nonlocal term,

∂tE = (µ− s)E + ∂xxE − E3 + s

∫ ∞

−∞
Θσ(x− x′)E(x′)dx′

(1)

being E(x, t) a real field, µ the pump, s the nonlocal
strength, and Θσ is the spatial nonlocal kernel. Eq. (1)
has both a local (diffusive) spatial coupling and also a
(linear) nonlocal one.
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Figura 1. Variation of the exponent γ, as defined in Eq.
(2), with σ. The black solid, dark grey dashed and light grey
dashed curves have µ = 3, and s = 0.5, 1, 2, respectively. The
black dotted curve has µ = 2 and s = 2.

For attractive interactions we observe an enhancement
in the interaction, that ultimately leads to coarsening
(like in the local case). From the known tanh form of the
fronts5, the interaction can be calculated perturbatively,

v(d) = ḋ = ce−γd, (2)

with v being the relative velocity and d the distance be-
tween the fronts. The magnitude of nonlocal effects in
front dynamics can be quantified by the deviations from
Eq. (2). Thus, Fig. shows the variation of the exponent
γ in (2) for different kernel widths, σ, keeping all the oth-
er parameters fixed, for the case of a Gaussian kernel. It
can be seen that γ changes about an order of magnitude
in the range of σ considered.
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Figura 2. Front velocity as a function of d. µ = 3, |s| = 1,
and σ is taken to be 0 , 2 and 10, depicted in the figure as
σsgn(s).

The effect of a spatially nonlocal interaction is more
dramatic in the case that the interaction is repulsive (or
inhibitory). In this case the exponential law (2) no longer
holds. Still, the magnitude of the envelope of the front
velocity decreases exponentially (cf. Fig. (2)), while the
velocity becomes zero at regular intervals of the distance
d between two fronts. At these positions the fronts are
locked leading to the formation of localized structures,
what is not possible with local interactions.

Nonlocal interactions are common in nonlinear optics,
biology, chemistry, and other fields of science, and they
can have a constructive role by enhancing the propaga-
tion of information between distant parts of the system,
and also allowing the system to exhibit new dynamical
regimes.
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