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Energy landscape of constraint satisfaction problems via exhaustive enumeration
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Constraint satisfaction problems (CSPs) consist in
searching for configurations of N discrete variables that
satisfy M given constraints, and are of great practical
importance in many disciplines, from physics to comput-
er science1. In general, CSPs are NP-complete, hence
it is believed that the computational time for finding a
satisfying configuration (solution), or proving that none
exists, for an arbitrary CSP instance grows faster than
any power of N . There is currently great interest in ran-
dom CSP instances extracted from ensembles with fixed
density of constraints, α = M/N . These exhibit a sharp
transition at a satisfiability threshold α = αs separating
solvable and unsolvable instances2. Recently, tools from
the statistical physics of disordered systems revealed
several other transitions in the structure of the solution
space. In particular, there is a phase αd < α < αc where
the solution space breaks into an exponential number of
clusters3–5 (i.e. connected components of the “solution
graph” in which links join solutions that differ only in
one variable), and a “condensed” phase αc < α < αs

where the number of clusters becomes sub-exponential.

Despite these advances, little is known about the origin
of computational hardness (it was conjectured that com-
putationally hard instances exist only in the condensed
phase in a narrow region αr < α < αs

5,6), nor about
the applicability of the above picture to real-world CSP
instances. In this work we study the relationship be-
tween computational hardness and cluster organization
by exploring exhaustively the solution space of random
q-coloring, a prototypical NP-complete problem consist-
ing in coloring the N nodes of a random graph with M
edges using only q colors, so that no neighbors share the
same color. We developed a parallel version of the DPLL
algorithm7 which reduces significantly the computation-
al time to explore all the qN possible configurations.
Moreover, we devised a fast hash algorithm based on the
“whitening” procedure8 to reduce the total amount of
memory to store the exponentially (in N) many solutions.

Fig. 1 shows our preliminary results for the complex-
ity Σ(s) ≡ log(number of clusters with internal en-
tropy s)/N, where s ≡ log(number of solutions inside
the cluster)/N, for Erdös-Renyi graphs with q = 3 and
αc < α = 2.29 < αr. The results agree qualitatively with
those of the entropic cavity method 4 (ECM).

Fig. 2 shows the complexity Σ(s, d) restricted to clus-
ters with internal entropy s and Hamming distance d
from a fixed configuration. The almost spherical shape
of Σ(s, d) suggests a simple geometrical organization of
the clusters. In particular, the typical distance of clusters

at fixed s is dtyp(s) = argmax d Σ(s, d) = 2/3, which is
the distance of random configurations from a fixed config-
uration. The absence of any geometrical structure might
explain why instances are easy to solve for α < αr.
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Figura 1. Complexity Σ(s) for three random graphs with
α = 2.29 and N = 250, 300, 2000. The data are ob-
tained by exhaustive enumeration (EN) of the solutions for
N = 250, 300, and with the ECM for N = 2000.

Figura 2. Contour plot of the complexity Σ(s, d) for a ran-
dom graph with N = 300 and α = 2.29.
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