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The virial expansion of the equation of state of a hard-
core fluid reads

Z(η) ≡ p

ρkBT
≡ p̃

η
= 1 +

∞∑
j=2

bjη
j−1, (1)

where η is the packing fraction and bj are the (reduced)
virial coefficients. So far, only values up to the tenth
virial coefficient have been reported.1

Since the compressibility factor of hard-disk and hard-
sphere fluids both for the stable and metastable fluid
phases is a monotonically increasing function of the pack-
ing fraction, one may reasonably wonder at which pack-
ing fraction η = η∞ the analytical continuation of the
compressibility factor diverges, namely one wants to find
the value of η∞ such that

lim
η→η∞

Z(η) = ∞. (2)

Clearly, η∞ may not be bigger than the maximum pack-
ing fraction ηmax that is geometrically possible (the so-
called Kepler’s problem).
The aim of this work is to address the question as to

whether, using the available information on virial coef-
ficients, one can get a reasonable estimate of η∞ and
whether there may be a systematic method to improve
the estimation as more virial coefficients become avail-
able.
We have checked that the use of the direct Padé ap-

proximants of the compressibility factor Z is not reliable
for the purpose of determining η∞.2 As an alternative
approach, and following an idea of Sanchez,3 we may
formally invert the series in Eq. (1), leading to

η(p̃) = p̃+
∞∑
j=2

cj p̃
j . (3)

In this representation, Eq. (2) is equivalent to

η∞ = lim
p̃→∞

η(p̃). (4)

We have constructed (diagonal) [N/N ] Padé approxi-
mants of the series (3) from the knowledge of the first ten
virial coefficients for hard disks and hard spheres. Ap-
plying Eq. (4), the estimates η∞(N) with N = 1, . . . , 5
have been obtained. In addition, making use of the
values of b11–b16 estimated by Clisby and McCoy,1 we
have also considered N = 6, 7, 8. The results, dis-
played in Fig. 1, are fully consistent with the conjec-
ture η∞ = limN→∞ η∞(N) = ηmax. Nevertheless, full
confirmation must await the availability of higher virial
coefficients.
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FIG. 1. Estimates of η∞ derived from Padé approximants

for the inverse virial expansion (3). The results up to N = 5
(filled circles) have been derived from the known values of the
virial coefficients, while those for N = 6, 7, 8 (open circles)
have been obtained from the estimates of the higher virial co-
efficients. The horizontal lines correspond to the crystalline
close-packing value ηmax for each system. The curves are fits
of the points with N = 1–5.
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