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Hard (NP-complete) combinatorial problems appear in
many fields of study. An example are constraint satisfac-
tion problems (CSPs), where one must decide if a set of
N discrete variables can satisfy M constraints. Any CSP
can be mapped into the q-coloring problem (q-COL): giv-
en a graph with N nodes and M edges, the aim is to find a
configuration in which connected nodes have different col-
ors chosen among q possibilities. q-COL is NP-complete,
hence an efficient algorithm (i.e. with a running time
polynomial in N) to solve q-COL would solve efficiently
all NP problems. It can be mapped into the antiferro-
magnetic Potts model by defining a Hamiltonian equal
to the number of unsatisfied constraints:

H1 =
∑

i

∑

j∈∂i

δσiσj (1)

where σ ∈ {1, . . . , q} and ∂i is the set of nodes connected
to i. Hence, a graph is solvable if the ground state energy
of Eq. (1) is zero.

In this work, we present an investigation on the use of
quantum annealing (QA)1,2 for finding the ground state
of H1, using Erdős-Rényi random graphs with q = 3 as a
test ground3. Given a generic classical Hamiltonian H1

that we want to minimize, the idea of QA1 (also called
adiabatic quantum optimization2) is to promote H1 to a
quantum Hamiltonian Ĥ1 and consider ĤΓ = Ĥ1 + ΓĤ2

where Γ is a tuning parameter and Ĥ2 a Hamiltonian
that does not commute with Ĥ1 and such that we can
easily prepare the system in a ground state of Ĥ2. The
adiabatic theorem of quantum mechanics guarantees that
if we start from a ground state of Ĥ2 at Γ À 1, and low-
er Γ slowly enough (i.e. in a time of order at least ∆−2,
where ∆ is the minimum energy gap between the ground
state energy and the first excited state of ĤΓ) the system
will end up in the ground state of Ĥ1 as Γ → 0. Hence,
QA could solve efficiently an NP-complete problem if ∆
vanished polynomially in N .

Here we propose Ĥ2 = −∑
i

∑
j |σi〉〈σj | and sample

from e−Ĥ/T at low temperature T via quantum Monte
Carlo. To this end, we use the Suzuki-Trotter formula to
map the partition function into that of a classical system
with an auxiliary imaginary time:

−βH = −K2

∑

τ,i,j∈∂i

δστ
i

στ
j

+ Γ̃
∑

τ,i

δστ
i

στ+1
i

(2)

where τ runs over m copies of the original system, K2 =
β/m and Γ̃ ≥ 0, with Γ̃ → 0 as Γ → ∞ and viceversa.
We perform Metropolis sampling from e−H/T , decreas-
ing Γ with a linear annealing schedule until we find a
putative ground state. We investigate numerically the
performance of QA as a function of the number of layers
m, the number of Monte Carlo updates τ , and the ini-
tial value of Γ̃. Our preliminary results suggest that the
running time of QA scales exponentially in N . In Fig. 1
we compare the performance of QA with that of (classi-
cal) thermal simulated annealing (TA) for N = 128 and
several values of the constraint density α = M/N . The
performance of QA improves more rapidly, although the
cost associated to the extra m− 1 layers is such that QA
does not improve over TA for these small sizes. Simula-
tions at larger N are in progress.
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Figura 1. Fraction of instances solved by QA (with
m = 24N) and TA within τ total Monte Carlo steps. For
each value of α we run QA and TA on 100 solvable instances
with N = 128, with the same linear annealing schedule. Sym-
bols in the right and left panel are the same.
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