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Analytical solution of a stochastic birth and death process including delay
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Due to the small number of some molecules involved
and of the uncontrolled environment, biochemical pro-
cesses inside a cell usually need to be described by
stochastic models1. Some important basic processes
(such as transcription, translation or specific degrada-
tion) are indeed compound multistage reactions involving
the sequential action of different molecules, and by virtue
of the central limit theorem, the time to complete such
processes should be nearly Gaussian with a well defined
characteristic time, rather than exponential. A descrip-
tion including delay is then needed to obtain a reduced
model for this kind of processes. It is well known that
delay can change qualitatively the behavior of the sys-
tem, allowing for example the apearence of oscillations2,
and there has been a great interest in delay-induced os-
cillations in biological systems

Stochastic processes that include delay are analytically
difficult due to the non-Markovian character. Most theo-
retical studies consider a Langevin approach (stochastic
differential equations) or systems in discrete time (were
delay can be accounted for by increasing the number

of variables). None of these approaches is completely
suitable to describe chemical reactions inside a cell since
the former neglects the inherently discrete nature of the
molecule levels and the later considers an arbitrary dis-
cretization of time.

In this work we study a general stochastic birth and
death process with delayed production and negative feed-
back. We use a master equation approach that respects
the discrete nature of the protein numbers and is contin-
uous in time.
We derive analytica expresions for the stationary proba-
bility distribution and the autocorrelation function. We
show how the delay increases the amplitude of the fluc-
tuations, changin the character of the system from sub-
Poissonian to super-Poissonian as the delay is increased.
We also study the effect of distributed delay.
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