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Simple rules govern finite-size effects in scale-free networks
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The growing network with preferential attachment pro-
posed by Barabási and Albert1introduced a simple, effec-
tive model of networks that would lead to a power-law
distribution of the degree of nodes. The results of this
model should be understood within the limit of large
networks, as some investigations showed the existence
of finite-size effects that make the distribution of the de-
gree of nodes depart from the power-law2–5. These works
show/predict a cut-off degree from which distributions of
finite networks created with this model stop from behav-
ing as power-laws, and acknowledge the influence of the
initial nodes from which the network grows in the final
result. However, a general prediction of the degree dis-
tributions of finite networks in terms of the initial nodes
has not been made so far.

In this work we find a general, theoretical prediction
of the final degree distribution of finite networks grow-
ing with preferential attachment in terms of the initial
degree distribution. We obtain the expression of the fi-
nal distribution using two different approaches: the well-
known deterministic mean-field approximation, and the
more accurate probability distribution of the degree of
each node, which considers the stochastic process.

The model that we use is the original introduced by
Barabási and Albert1, in which the probability of a node
with degree k of gaining a new link in a network of size
t when a new node arrives is πk,t = mk/

∑
i ki, where m

is the number of undirected links of the new node to be
attached to the nodes in the network. Since this prob-
ability only depends on the state (degree) of each node,
we can model the dynamics of every node in order to
obtain the final distribution of the network. We did it
considering also the initial nodes in the network, which
are distributed according to the probability distribution
f0(k).

Using the mean-field approximation we obtain an ana-
lytical expression of the final density distribution, which
contains the effect of the initial nodes, but with no ef-
fects of the dispersion in it. The expression obtained,
however, explains previous results on the universality of
the cut-off function for finite systems starting from the
same initial core2,3,5. The theoretical calculation of the
stochastic dynamics of every node renders an exact ex-
pression of the expected final degree distribution (exact
within the limits of the accuracy of πk,t). Numerical sim-
ulations support very well our results, as shown in figure
1.
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Figura 1. Complementary, cumulative degree distribution
of the final network for different initial conditions.
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