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Quasi-stationary analysis of the contact process on scale-free networks
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Complex network theory represents a general unify-
ing formalism under which is possible to understand and
rationalize the intricate connectivity and interaction pat-
terns of many natural and man-made systems. Among
their characteristics, probably the most intriguing is the
discovery of the apparently ubiquitous scale-free (SF) na-
ture of the connectivity pattern of many systems, de-
scribed by a probability P (k) that an element (vertex)
is connected to other k elements (has degree k), scaling
as a power-law of the form P (k) ∼ k−γ , with a degree
exponent usually in the range 2 < γ < 3. In recent
years, the research community has also devoted a great
deal of attention to the study of the dynamical processes
on complex networks, which can have important implica-
tions in understanding of the behavior of real processes
such as the spread of epidemics in social systems or traf-
fic in technological systems as the Internet or transport
infrastructures.

Dynamical processes with absorbing configurations are
subjects of outstanding interest in non-equilibrium sta-
tistical physics that have also found a place in network
science. The simplest model allowing absorbing config-
urations is the classical contact process (CP). In the
CP defined in an arbitrary network, vertices can be in
two different states, either empty or occupied. The dy-
namics includes the spontaneous annihilation of occupied
vertices, which become empty, at unitary rate and the
self-catalytic occupation of an empty vertex i with rate
λni/ki, where ni is the number of occupied neighbors of
i and ki is its degree. The model is thus characterized
by a phase transition at a value of the control parameter
λ = λc, separating an active phase from an absorbing
phase devoid of active vertices.

The configuration in which all vertices are empty plays
a very particular role, since once the system has fallen
into this state, the dynamics becomes frozen. For this
reason, these states are called absorbing and constitute a
central feature in the analysis of finite size systems since,
in this case, the only actual stationary state is the ab-
sorbing one. Finite size and absorbing states must there-
fore be handled using suitable strategies, concomitantly
with an ansatz for the finite size scaling (FSS) of the
dynamics. A widely adopted procedure is the so called
quasi-stationary (QS) state,1 in which the absorbing con-
figuration is suitably excluded from the dynamics.

In this work, we present a study of the QS state of
CP on SF annealed networks, combining the QS nu-
merical approach developed in Ref. 1, suitably extend-
ed to complex networks, with the theoretical analysis of
a approximated one-step process derived from mean-field
theory2,3 and solving the corresponding master equation.
Our analysis allows us to obtain information about the

probability distribution of activity both close to the criti-
cal point and in the off-critical regime, as well as to obtain
high quality data for QS relevant quantities, such as the
density of active sites or the characteristic times.
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Figura 1. Examples of QS probability distributions ob-
tained in simulations of the critical CP on annealed SF net-
works and in numerical solutions of the master equation
(ME).

The high accuracy of our data (Fig. 1) allows to iden-
tify strong corrections to the scaling in the critical quan-
tities that mask the correct finite size scaling exponents
obtained analytically by means of an exact mean-field
solution. Both critical density and characteristic time
show tenuous curvatures as a function of the network
size N due to finite size corrections to scaling that may
provide incorrect exponents if a simple power law decay
is assumed. In annealed networks, for which the criti-
cal point is exactly known, we can determine the cor-
rections to scaling analytically and thus recover the the-
oretical exponents in the finite size analysis, including
the abrupt change when the network loses its SF proper-
ty. The analysis of the supercritical region, on the other
hand, hints that those finite size corrections are relevant
for very large network sizes, the asymptotic scaling being
observable only for extremely large values of N .
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