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Synchronization phenomena play a prominent role in
many branches of science. They have been analyzed in
terms of phase models which successfully describe sys-
tems of weakly coupled limit cycle oscillators. In par-
ticular, the Kuramoto model1 has become paradigmatic
to describe the emergence of synchronization in an en-
semble of oscillators with diversity among the individual
units. Diversity in the oscillators is usually introduced by
taking their natural frequencies from a probability dis-
tribution. Although, on general grounds (central limit
theorem), this distribution should be well approximated
by a Gaussian form, theoretical studies usually consider
a Lorentzian form since it allows for an easier analyt-
ical treatment. It is generally believed that the main
results concerning the global synchronization properties
are qualitatively independent of the precise form of the
distribution as long as it is symmetric and unimodal.

We consider a variant of the Kuramoto model for an
ensemble of globally coupled active rotators2:

φ̇j = ωj − sin φj +
K

N

N∑

l=1

sin(φl − φj) j = 1, ..., N. (1)

A natural frequency ωj < 1 (respectively, ωj > 1) corre-
sponds to an excitable (respectively, oscillatory) behavior
of the rotator j when it is uncoupled. K is the coupling
intensity. Diversity is introduced by considering that the
ωj ’s are distributed according to a probability density
function g(ω), with mean value ω and variance σ2.

For ω <∼ 1 the system displays three different regimes:
(i) for small diversity, almost all units are at rest at sim-
ilar fixed points; (ii) increasing diversity one enters a dy-
namical state in which a macroscopic fraction of units fire
at (roughly) the same time; (iii) for even larger diversity,
the system reenters a desynchronized state.

We had developed an approximate theory to describe
this diversity-induced collective firing3. The theory was
independent of the form of the natural frequencies dis-
tribution and was also applicable to identical units sub-
ject to noise. A recent method developed by Ott and
Antonsen4 allows to solve exactly this model (and a large
family of related ones) in the infinite number of oscillators
limit and in a number of cases that include the Lorentzian
g(ω). Childs and Strogatz5 used this method to obtain
the full bifurcation diagram of the complex variable r(t)
for the Lorentzian distribution. Contrarily to our results,
their exact solution implies that there is no transition to
collective firing increasing the diversity for ω < 1 as il-
lustrated in Fig.1 (right). Regime (ii) takes place for the
parameter region located to the right of the solid line
signaling the SNIC (saddle node on the invariant circle)
bifurcation. The SNIC line always starts at ω = 1 with

positive slope, so for ω < 1 increasing disorder one never
encounters Regime (ii).

We show that, quite generally, the Ott-Antonsen
method can be successfully applied to any non-singular
g(ω) provided one solves numerically an integrodifferen-
tial equation6. For the Gaussian distribution the SNIC
starts at ω = 1 with a negative slope (Fig.1(left)). There-
fore for ω < 1, as disorder increases one finds first regime
(i), then crosses the SNIC lower boundary entering in
regime (ii) and finally crosses the reentrant upper bound-
ary entering in regime (iii) where a stable steady state is
present again. Region (ii) moves upwards and broad-
ens increasing the coupling K. The same result is ob-
tained using the Ott-Antonsen method solved numeri-
cally (circles) and using an alternative approach we have
developed6 (solid line). Besides the Gaussian, we find
that this reentrance is generic for all distributions with
well defined moments6.

The diversity induced transition to collective firing is
a genuine transition. Singularly enough it is not present
for a Lorentzian distribution, for which the first moment
integral is only defined as a principal value. The non-
generic behavior of the system with a Lorentzian distri-
bution of natural frequencies warns about its indiscrim-
inate use in order to understand generic properties of
coupled oscillators.

Figura 1. (Partial) Bifurcation diagram for Gaussian (left)
and Lorentzian (right) distributions.
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