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The study of phase transitions for pure substances in
which two liquids of different density coexist in equilib-
rium acquired great interest in 1992 with water’s sec-
ond critical point hypothesis by Stanley and coworkers1.
Such waterlike liquid-liquid phase transitions have been
observed experimentally for other fluids2–4 and studied
via simulations of water models and of fluids character-
ized by isotropic core-softened intermolecular potentials
(see, e.g., Refs. 6 and 7). At this stage, it seems appro-
priate to investigate the nature of waterlike liquid-liquid
criticality.

One may first inquire about the universality class of
this sort of continuous phase transitions. This issue has
an obvious intrinsic interest, but it is also relevant with
a view to applying finite-size scaling techniques to sim-
ulation data8. Kurita and Tanaka5 and Sciortino and
coworkers9 have asserted that, like for the liquid-gas case,
waterlike liquid-liquid criticality should be of Ising char-
acter. On the other hand, Brovchenko et al.10 have point-
ed out that it could belong to the universality class of
the random-field Ising model. To the best of our knowl-
edge, there is neither strong experimental evidence nor
a detailed enough theoretical analysis on this particular
question.

Here we tackle the problem by studying the properties
of a simple cell model. Consider the space divided in
cells which contain one particle and have two accessible
volumes, say, v+ and v−. Particles in nearest-neighbor
cells interact via a discretized energy ε0, which is supple-
mented by an additional one δε whenever two adjacent
cells are in the ‘+’ state. Such compressible cell liquid
(CCL) model can be mapped onto the Ising model, and is
in certain respects related to a previously reported water
model11 and in others to the so-called compressible cell
gases for asymmetric liquid-gas criticality12.

Application to water’s second critical point entails in-
corporating entropic effects ascribed to the geometric se-
lectivity of hydrogen bonding. Such a task is accom-
plished by suitably imposing constraints on the free vol-
ume that a particle can explore in its cell. Specifical-
ly, when local low-density and low-entropy states are
energetically favorable (that is, when low-temperature
water’s essential microscopic features are implemented),
one finds that the slope of the coexistence line in the
temperature-pressure plane dpσ/dT is negative and that

the isobaric thermal expansivity αp diverges to −∞ at
criticality, in accord with available information. Corre-
spondingly, ‘soft-core-like’ behavior (viz., dpσ/dT ¿0 and
αp → +∞ as T→Tc) is obtained when low-density and
high-entropy states are energetically favorable.

In summary, we will show that (Ising-like) CCL mod-
els provide insights into liquid-liquid critical phenom-
ena in pure substances. Some variants are consistent
with what has been conjectured for water’s liquid-liquid
critical point, others with what core-softened models
have evidenced. Implications of CCL’s for isostruc-
tural solid-solid transitions in Cs and certain rare earth
metals13 as well as for crystalline systems with short-
range interactions14,15 will be briefly outlined.
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