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Brownian ratchets may be considered as a paradigm of
statistical physics where thermal noise rectification under
nonequilibrium conditions leads to directed motion and
power generation. Some molecular motors in biology,
such as monomeric kinesin, are known to exploit directly
this noise-based mechanism. Recently it has been shown
that one of the reasons to adopt such mechanism in the
biological context might be that the ratchet structure is
particularly fit to cooperative action. In particular, it has
been proved that motors are capable to spontaneously
associate and dramatically enhance their collective effi-
ciency, in particular when noise is weak1,2. Remarkably
a motor cluster is capable to produce a finite power in
the limit of vanishing noise intensity, when individual
motors would be powerless. This is possible whenever
two main conditions are satisfied: (i) the external force
is unequally loaded to the participant motors, and (ii)
the ratchet states change independently for each motor.
These conditions are naturally satisfied in the biological
context of intracellular traffic of soft cargoes and affect
crucially the collective behaviour of motors. In order to
isolate and gain understanding on the underlying deter-
ministic mechanism of motor cooperativity, we study the
weak noise limit of the two-motor problem.

We solve exactly the problem of two interacting mo-
tors when an external force is applied to the first one,
in the limit of vanishing noise. The motors switch states
between a fully asymmetric sawtooth potential and a flat
potencial. We show that this situation is particularly fit
to the collective improvement of the motor performance,
and because of its simplicity it can be considered as a
paradigm of cooperativity. We show that the problem
can be mapped into a random walk on a complex di-
rected graph. The topological structure of the graph de-
pends sensitively on physical parameters, in particular as
the external force is varied. Consequently the velocity-
force curve of the motor pair becomes fractal. Using
graph theory techniques we obtain general properties of
the dynamics of the system. We show that the graphs
may be finite or infinite and we are able to solve exactly
the random-walk statistics in most regions of parameter
space. We can thus determine the exact velocity-force
curves in most regimes, exhibiting fractal properties.

The sampling of the graph that defines the joint dy-
namics of the motor pair can in turn be seen as a ran-
dom alternation of two deterministic evolutions. The re-
spective Poincaré sections of those define two circle maps
which are piece-wise linear. The multi-parametric bifur-
cation structure of those maps is analyzed, showing a

complex structure that includes the so-called big bang
bifurcations3. Remarkably, while the two involved maps
cannot produce chaos by themselves, the stochastic com-
bination of the two is capable to generate chaos. In this
scenario, although the dynamics is stochastic, the phase
space of the system can be hierarchically organized in a
tree-like structure which is generated by a chaotic map.

In summary, we show that underlying an apparently
simple mechanism of cooperativity of coupled ratchets
there is a complex mathematical structure. Combining
graph theory and concepts from dynamical systems we
identify a variety of complex dynamical behaviour, in-
cluding a high sensitivity response to the external force,
self-similar behaviour, and the signature of deterministic
chaos in the inner structure of a stochastic system.

Figura 1. Fractal velocity-force curve. We plot the mean
velocity of a motor pair normalized by the velocity of one
motor at zero load vs the force normalized to the stall value.
The curve in exact for 1/3 ≤ f ≤ 1. For 0 < f < 1/3 it is
continuous in a subset of irrationals and the set of discontinu-
ities is infinite with zero measure. The values on this region
are approximated by Monte Carlo sampling.
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