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Recently, increasing evidence has been gathered on the
importance of memory effects in systems where trans-
port and reaction events coexist over biologically relevant
time scales. The joint effect of reaction and anomalous
transport may bring about unexpectedly strong devia-
tions from results obtained for classical reaction-diffusion
systems. Several authors have shown that a rigorous
derivation of the relevant reaction-transport equations
from mesoscopic models will typically result in the oc-
currence of mixed reaction-transport terms1.

An scenario where such equations could find a poten-
tial application is morphogen gradient formation2, a pro-
cess of utmost importance in developmental biology. Tis-
sue patterning in multicellular organisms is often gov-
erned by special signaling molecules called morphogens.
Morphogens are produced at localized sites and may un-
dergo degradation as they disseminate through the de-
veloping tissue. The combined action of transport and
the degradation reaction results in a morphogen concen-
tration gradient which cells across the tissue can sense
and interpret. The local morphogen concentration level
determines the number and the identity of the genes each
cell will express, and thus it also determines its ultimate
fate. Hence, there is a direct relation between tissue pat-
terning and the shape of the morphogen gradient2.

Hornung et al.3 recently suggested that in some cas-
es cell-to-cell morphogen transport involves successive
binding and unbinding events to specific cell surface re-
ceptors. Rather than ordinary diffusion, such stochas-
tic events can be viewed as trapping events whose wait-
ing times display a significant dispersion. Consequent-
ly, Hornung et al. constructed a 1-d transport model3
based on the so-called Continuous Time Random Walk
(CTRW), which is known to yield subdiffusive behavior
in the limit of a large number of jumps. Additionally,
they allowed for morphogen degradation at a constant
rate per transition between bound and unbound states.
However, they assumed that, while bound to the recep-
tors, morphogens were protected against degradation (re-
action and transport are thus mutually exclusive). Their
approach yields transient concentration gradients, but
not stationary morphogen profiles associated with sta-
ble tissue patterns, prompting certain authors to assert
that the latter were incompatible with anomalous (sub-
diffusive) transport.

In this work, we relax the assumption made by Hor-
nung et al.3 and allow for simultaneous degradation

and CTRW transport. In our model, the degrada-
tion reaction is assumed to be independent of transi-
tions between bound and unbound states and modeled
via a first-order death process whose rate coefficient k
(reactivity) is in general space-dependent, k = k(x).
The underlying CTRW reaction-transport model leads
to a reaction-subdiffusion equation (RSE) with a mixed
reaction-transport term containing a non-local integro-
differential operator (the so-called Riemann-Liouville
fractional derivative). For a homogeneous k, our RSE
solved for the appropriate boundary conditions yields
exponentially decaying stationary morphogen concentra-
tion profiles, as opposed to the results found by Hornung
et al. However, if the reaction is confined to a small re-
gion around the morphogen source, a steady state can be
sustained only in the limit of normal diffusion; otherwise,
the transport is too slow to stop morphogen accumula-
tion outside the reactive region, leading to a discontinu-
ous concentration profile and a lack of a stationary profile
(see fig. 1). In general, we find a large gamut of concen-
tration profiles4 depending on the specific form of k(x).
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Figura 1. Typical evolution of concentration profiles for a
step reactivity [k(x) = k0H(R−x)] with k0 = 1/1000, R = 5.5
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